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Abstract 

We analyze the block averaging transformation applied to lattice gas models with 
short range interaction in the uniqueness region below the critical temperature. We prove 
weak Gibbsianity of the renormalized measure and convergence of the renormalized po- 
tential in a weak sense. Since we are arbitrarily close to the coexistence region we have a 
diverging characteristic length of the system: the correlation length or the critical length 
for met ast ability, or both. Thus, to perturbatively treat the problem we have to use a 
scale-adapted expansion. Moreover, such a model below the critical temperature resem- 
bles a disordered system in presence of Griffiths' singularity. Then the cluster expansion 
that we use must be graded with its minimal scale length diverging when the coexistence 
line is approached. 
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1. Introduction 

In this paper we analyze, from a rigorous point of view, the well known Renormalization 
Group (RG) map called Block Averaging Transformation (BAT). Following [15] we say 
that a stochastic field is strongly resp. weakly Gibbsian if its family of conditional probabil- 
ities has the Gibbsian form with respect to a potential absolutely uniformly resp. pointwise 
almost surely converging. Thus in both cases the DLR equations are satisfied but with 
different notions on the summability properties of the potential. We refer to [19] for a gen- 
eral description of Gibbs formalism especially in connection with renormalization-group 
maps and to [SIHSUSE] for a discussion of the weak Gibbs property. 

Under suitable strong mixing conditions i.e., exponential decay of truncated expec- 
tations, for the original (object) system we establish the weak Gibbs property of the 
renormalized (image) measure and the convergence, in a suitable sense, of the renor- 
malized potential under iteration of BAT. A relevant application will be the standard 
two-dimensional Ising model in the uniqueness region. For this case, when the temper- 
ature is higher than the critical value T c , actually we have strong Gibbsianity of the 
renormalized measure for all large enough scales of the transformation as shown in [TJ. 
On the other hand for T < T c violation of strong Gibbsianity is expected and actually 
proven for T C T c , see [19]. In the present paper we prove the weak Gibbsianity of the 
renormalized measure. 

Let us focus, for the moment, on the two-dimensional Ising model. A more general 
setup will be introduced in the following section. We give here some specific definitions. 
The state space of the object system is S = ® x ec<Sx, with S x = {— 1,+1}, C = Z 2 ; for 
A C C we set S A = ® X €aSx- The (negative) Hamiltonian in a finite volume A with 
boundary condition r G Sc\a is 



H\(ar) =/? ^ o- x a y + f3 ^ a x r y + ff/i^J 



On 



{x,y}CA: x£A,ygA: x <=\ 

\x-y\=l \x-y\ = l 



with /3 = 1/T > the inverse temperature, ftel the magnetic field and a e S A - Notice 
that in this section we use the magnetic language whereas in the following we will use the 
equivalent lattice gas formulation. The corresponding finite volume Gibbs measure is 

exp{H A (ar)} 



CT 



exp{H A (a'r)} 

We denote by /i = the unique infinite volume Gibbs measure in the uniqueness region 
deprived of the critical point given by {f3 < f3 c } U {f3 > (3 C , h ^ 0}, where (3 C = l/T c = 
log(l + y/2)/2 is the inverse critical temperature, see for instance [2Tj . 

Let £W = (£Z) 2 ,£ e N and partition C as the disjoint union of £-block Qi(i) = 
Qe(0) + i, where i E and Qi(0) is the square of side £ with the origin the site with 
smallest coordinates. We associate with each i e C^' a renormalized spin mi taking values 
in 

w _\-t d - ? d m -£ d + 2- £ d rh i d - t d m 

where m = rhp^ = //^(ero) is the equilibrium magnetization and x — x{P>h) 
2~2 x ecll J 'PA a o (T x) ~ Hf3,h(vo)^t3,h(o- X )} is the susceptibility. For I C £ {e) we write Sf ] 



1 



The renormalized measure = ujp h on the renormalized space is defined via its 
finite dimensional distributions; let / CC where CC means finite subset, and pick 
fh G Sf , then set 

vf h ({m G :m I = m}) = [ d^ h (a) J] S(M t (a Qe{i) ) - rfa) (1.1) 

where for all % G C^> and 77 G <Sq £ (i) we have introduced the empirical magnetization, 
centered and normalized, 



We write i/g^ = T^fip^ and note that the semigroup property holds namely, = 

T(«'). The image measure ujp h represents the distribution of the empirical block magne- 
tization under the object measure fi^h- 

We would like to analyze the map on the potentials induced by the map T® that was 
defined on (infinite volume) measures. A preliminary condition for this program is that 
the renormalized measure is strongly or weakly Gibbsian with respect to the renormalized 
potential, see [T9] . 

We introduce, now, the finite volume setup. Let I CC C™' be a finite box in 
and consider the corresponding box A = Qe(I) C C. We introduce the renormalized 
Hamiltonian 7if T with boundary condition r G Sc\a by setting 



E efliw n^^(.))-^) (i-3) 

<tG<Sa i£l 



for each m G Sf . In the computation of the renormalized potential associated with 
the renormalized Hamiltonian T-Lf^' T , a crucial role is played by the constrained systems 
obtained by conditioning the object system to a fixed renormalized spin configuration, 
see the pioneering paper [7]. More precisely, the equilibrium probability measure of the 
constrained model associated with the renormalized configuration m G <S} on the finite 
volume A = Qi(I) CC C is given by 

Mr, , z Hl{u) n, g /<w(^))-^) n A , 

for all cr 6 5a. Notice that from (11.31) it follows that the renormalized Hamiltonian 
%j^' r (m) is equal to the logarithm of the partition function of the corresponding con- 
strained system which is defined as 

The measure //^} T can be called multi- canonical, because it is nothing but the original 
measure constrained to the assigned magnetizations in the ^-blocks contained in A. Of 
course '[ does not depend at all on the magnetic field h. 
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It has been shown in [19] that for any £ G N even there exists /3q = (3q(£) such 
that the renormalized measure Va\, arising from the application of BAT map to the 
Ising measure Up hi is non-Gibbsian at any h and /3 > /3q. This pathological behavior 
is a consequence of violation of quasi-locality, a continuity property of its conditional 
probabilities which constitutes a necessary condition for Gibbsianity, see [T61H71H9] . This, 
in turn, is a consequence of a first order phase transition with long range order of a 
particular constrained model: the one corresponding to m, = for all i G C^'. It is clear 
that this pathology is completely independent of the value of the magnetic field h acting 
on the object system. On the other hand it is also clear that this "bad" configuration, 
inducing non-Gibbsianity, is very atypical with respect to v^ h for h 7^ 0. Thus it is 
reasonable to expect the validity of a weaker property of Gibbsianity. 

Before discussing this point let us recall the main result of [TJ on strong Gibbsianity 
above T c in two dimensions which will be useful for a comparison with the results obtained 
in the present paper for the case with T < T c . The case d > 2 will be discussed later on. 

Theorem 1.1. Consider the two-dimensional Ising system with (3 < (3 C and h G R given. 
Then there exists £0 G N such that for any £ large enough multiple of £q the measure 
= Vp h is Gibbsian in the sense that for each Y CC and for each local function 

f : S Y — > R we have 

x exp I bPx ( m Ynxm' YcnX ) + <f>x {rn YnX m' Y o nX )] 



where 



Z Y {m')= expj Y fe(mynxm'rcnx) + (f>x(m Y nxm YcnX )}j (1.7) 
meS W xrv+% 

The family {<$ + X CC C®}, with </>$,i(>$ : S$ — > R, is translationally invariant 
and satisfies the uniform bound 



J2e a]X] sup (l^Hj + < 00 ( u 



XBO m£S<jP 



for a suitable a > 0. Moreover, there exists k G N such that W x = if diam(X) > k. 
Finally we have that for the same a as in U.8\) 



limVe a|x| sup U$(m)| = (1.9) 

X30 m£S { x> 

i J fi\( m i) — — m i/2, for i G and there exists a > such that 

lim sup IV'x ( m )| = for |X| > 2 



|m i |<i a ,ieX 
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The crucial point to obtain the above result is the validity of a strong mixing condition 
for the object system uniformly in the magnetic field h. This fails below T c , because of 
the phase transition at h — 0. By only assuming strong mixing of the object system, 
without uniformity in h, we can expect only weak Gibbsianity since, as we said before, 
for T < T c it has been proven violation of strong Gibbsianity in [T2j. Let us now state 
our main results on weak Gibbsianity and convergence of the renormalized potential as 
£ — > oo; this theorem is an immediate consequence of the more general results that will 
be stated in Theorems 12. II and 12.21 

Theorem 1.2. Consider the two-dimensional Ising model. Given (/3,h) G {(3 < j3 c } U 
{(3 > j3 c , h 7^ 0}, there exists £q such that for any large enough £ multiple of £q, the 
measure v^> is weakly Gibbsian in the sense that it satisfies the DLR equations lil.6]) 

with respect to a potential {ip^ + 4>x ■> ^ CC C^}, ipx' 4$ '■ ^ ^> satisfying the 
following. 

There exists a measurable set C S^' , such that i/W(«S^) = 1, and functions 

rf' : h-> N \ {0}, for all i G such that for each m G «S^ ; if X 3 i and 

diam(X) > rf\m) then ipx(m) = 0. Furthermore, for each i G and m G there 
exists a real c\ (m) G [0, oo) such that 

Y J \^i\mx)\<cf\m) (1.10) 

XBi 

There exists C independent of £ such that 

sup sup V (m) | < C (1.11) 

For each i G we have ^S(m) = —ml/2 and for each g G [1, +oo) 

lim sup i/Wfl V V? =0 (1.12) 



and 



|X|>2 



lim sup sup |0^(m)| = (1-13) 

Remark. From the more general result stated in Theorems 12.11 and 12.21 below, we get 
that Theorem 11.21 extends to the case d > 2, h ^ 0, (3 > (3o(d, \h\) for a suitable function 
^:Nx ]R + — > R + . Indeed in this case the required strong mixing condition is satisfied. 

In this low-temperature case we have a diverging scale even when we are far away 
from the critical point. It is not the correlation length but, rather, the "critical length for 
metastability" , diverging when h — > as 1/h, representing the scale for which the magnetic 
field decides the phase; this is given as the scale for which the boundary conditions are 
"screened" by the magnetic field h. Notice that in the region {(3 < f3 c } U {(3 > (3 C , h ^ 0}, 
where for d = 2 the strong mixing is satisfied [25|l30]. both the critical length and the 
correlation length can diverge even simultaneously. 

Let us discuss, now, the result of Theorem 11.21 As we said above it is sufficient that 
there exists one "bad" renormalized configuration giving rise to long range order for the 
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corresponding constrained system, to induce violation of Gibbsianity. For BAT it has 
been shown in [19] that for any magnetic field h, a bad configuration is mi = for all 
i E C^. For h ^ this is a very atypical configuration; however with small but positive 
probability we have arbitrarily large bad regions with m; close to zero. To be more precise 
we shall call "good" a block magnetization belonging to a suitable interval such that: 
inside such interval the system has a good behavior in the strong mixing sense and the 
probability to be bad (not good) is sufficiently small, see Subsection 14.31 In order to prove 
weak Gibbsianity the key property is that bad regions are far apart: larger and larger bad 
regions are sparser and sparser. 

As we discussed in [2] this situation is similar to that of disordered systems in presence 
of the Griffiths' singularity. A multi-scale analysis is needed. The natural approach, quite 
complicated from the technical point of view, is to use a graded cluster expansion. For 
disordered systems there are clever methods, see OHO], avoiding cluster expansion, that 
enable to prove results like exponential decay of correlations for almost all realizations 
of the disorder. In the case of BAT, in order to compute renormalized potentials in the 
weakly Gibbsian case, the use of the full theory of graded cluster expansion (like the 
one in [20]) appears to be unavoidable. Since we want to study a region of parameters 
arbitrarily close to the critical point (h ^ 0, < T < T c ) the distinctive character of our 
graded cluster expansion is that the minimal scale may be chosen arbitrarily large and 
diverging as T — > T c and/or h — > 0. The minimal scale involved in our discussion being 
divergent, we need to use a scale-adapted cluster expansion, see [HEZIEE], based on a 
finite size mixing condition. 

In this case, contrary to low and high temperature expansion or high magnetic field 
expansion, the small parameter is the ratio between the diverging length and the suitably 
large finite size where the mixing condition holds. We want to stress again that in our 
approach, according to the general renormalization group ideology, we first fix the values 
of the thermodynamic parameters of the object system and, subsequently, the value of 
the scale of BAT. In other words we take advantage from choosing the scale I of the 
transformation large enough. On the other side we cannot exclude that, for given values 
of /3 and h, if I is not sufficiently large, weak Gibbsianity ceases to be valid. In [5||26] 
the authors study decimation transformation, see [TH], at large /? and arbitrary h. They 
first fix the scale of the transformation and, subsequently, choose the temperature below 
which they get weak Gibbsianity. 

In the present paper, in the context of weak Gibbsianity, we give also results of conver- 
gence of renormalized potentials when iterating BAT, which, by the semigroup property, 
corresponds to taking the limit as £ — >■ oo. It appears clear that for that purpose one has 
to use a perturbative theory based on scale-adapted cluster expansion. Even far away 
from the critical point, in order to prove directly convergence, one needs to take advantage 
from choosing large I. In [6] the author uses a high temperature expansion giving rise to 
a polymer system whose activity is small uniformly in £; he then proves convergence by 
making use of the general result [23] according to which, to get convergence in a suitable 
sense, one needs only to prove uniform boundedness in a suitable norm. This situation 
is similar to the one of [29] where the author uses a low temperature expansion that 
converges uniformly in I. 

The paper is organized as follows: in Section [2] we introduce the basic notation and 
state our main results on the weak Gibbsianity and convergence of the renormalized 
potentials as I — > oo. In Section [3] we prove the required probability estimates on the 
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configuration of "bad" magnetizations. Then, in Section [4] we construct the full measure 
set where the conditional probabilities have the Gibbs form. In Section [51 following 
[U (27J [2H], we perform the scale-adapted cluster expansion on the "good" part of the 
lattice. In Section E] we apply the theory of the graded expansion developed in [2] to 
prove the main results. 

2. Notation and results 

In this section we give the basic definitions, introduce the general setup, and state our 
main results. 

2.1. The lattice 

For x = (xi, • • • ,Xd) E M d we let |x| := sup fe=1 ... d \xt\- The spatial structure is modeled 
by the <i-dimensional lattice £ := Z d , in which we let ej, i = 1, . . . , d, be the coordinate 
unit vectors. For each strictly positive integer s, we introduce the s-rescaled lattice 
£( s ) := (sZ) rf which is embedded in C namely, points in are also points in C, see 
Fig. [TJ Given an integer s > 1 we next define some geometrical notions on the s-rescaled 
lattice £( s \ If s = 1 they refer to the original lattice C and in such a case we drop s from 
the notation. 

We set := s e^, i = 1, . . . , d and use A c := \ A to denote the complement of 
A C C^ s \ For A a finite subset of (we use A CC to indicate that A is finite), 
|A| denotes the cardinality of A. We consider endowed with the distance d s (x,y) := 
\x - y\/s. As usual for A, A C £ (s) we set d s (A, A) := inf {d s (x, y), x E A, y E A} 
and diam s (A) := sup{d s (x, y), x,y E A}. Moreover, for each A CC we denote 
by Q^^A) CC the smallest parallelepiped, with axes parallel to the coordinate 
directions, containing A. We say that x, y E £.( s ' are nearest neighbors iff d s (x,y) = 1; 
we say that A C £.( s ' is s-connected iff for each x, y E A there exists a path of pairwise 
nearest neighbor sites of A joining x and y. 

For x E and m a strictly positive real we set Qm(x) := {y E : Xk < yu < 
x k + s{m - 1), VJfe = 1, . . . , d}. For X CC and m > we set B#(X) := {y E : 
d s (X, y) < m}; if x E we write Bm\x) for Bm{{x}). Note that Qm(x) is the cube 
of s-side length [m] with x the site with smallest coordinates, while Bm\x) is the ball of 
s-radius [m] centered at x, hence it is a cube of s-side length 2[m] + 1. We remark, also, 
that \Q$(x)\ = [m} d and \B$(x)\ = (2[m] + l) d . We shall denote Q#(0), resp. B$(0), 
simply by Qm\ resp. B m • 

For r > and A C we set d^' r A := {x E A c : d s (x,A) < r}; finally we set 

' r := A U d^' r A. If r = 1 we drop it from the notation, i.e. d^A := d^^A and 
A^A^. 

Let £^ := {{x,y}, x,y E : d s (x,y) = l} be the collection of edges in £( s \ Note 
that, according to our definitions, the edges can be also diagonal. We say that two edges 
e, e' E are connected if and only if e fl e' ^ 0. A subset (V, E) C (C^ s \£^) is said to 
be connected iff for each pair x,y E V, with x ^ y, there exists in E a path of connected 
edges joining them. For A CC we then set 

T S (A) := mf{\E\ , (V,E) C (C {s \£ (s) ) is connected and V D A} (2.1) 

We agree that T S (A) = if |A| = 1 and remark that for each x,y E we have 
^s({x,y}) = d s (x,y). 
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Figure 1: The lattices £, £ ( - 2 \ £ 3 ) and £( 6 ) are depicted in the two-dimensional case. 
Sites in £ are represented by the intersections of the lines, solid circles represent sites 
belonging to & 2 \ open circles represent sites belonging to open squares represent 
sites of 

Let u be a multiple of s, we define the unpacking and the packing operators which 
associate subsets of the w-rescaled lattice to subsets of the s-rescaled lattice and vice 
versa. More precisely, the unpacking operator O s u maps a set A C £W to 

■= U <$» 

Note that the cubes Q^j s {x) appearing above are disjoint namely, Q^J s (x) fl Q^J s (y) = 
for any x, y G A such that x ^ y. The packing operator O u s maps a set A C £( s ) to 
O u s k := {x E £ (u) : A n Q$ s (x) ^ 0}. We note that the restriction of O u s to the range 

of O s u is the inverse operator of O s u namely, O^O^A = A for all A C £W. Note that, as 
mentioned before, we let O u := O l u and O u := C". 

The configuration space 
We deal with lattice systems whose single spin space is not translationally invariant and 
labelled by points in the s-rescaled lattice & s \ As usual for s = 1 we recover the notation 
for the original lattice and drop s from the notation. Given a collection of strictly positive 
integers Sx, x G & s \ such that : = sup^^s) Sx < +oo, the configuration space 
associated to x G is a finite set Si , with \Sx\ = S x + 1 which we consider endowed 
with the discrete topology, the associated Borel cx-algebra is denoted by 

The configuration space in A C £^ is defined as := ^xcaSx^ and equipped with 
the product topology; we will let S^ s) =: <S^. We denote by JF^ the Borel cr-algebra on 
and for each A C £ (s) we set J$ := ^ xe A^ } C J*'). 

Given A C A C and a := {a x G S ( x s \ x G A} G we denote by o" A 

the restriction of er to A namely, o"a := {c X ; x ^ Let m be a positive inte- 

ger and let Ai,...,A m C be pairwise disjoint subsets of for each o k G , 
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with k = l,...,m, we denote by o\<Ji - ■ • <y m the configuration in ^ iLJ ... uAm such that 
(a"icr 2 • • • cr m ) Afe = cr k for all k G {1, ... , m}. For x G we define the shift Ga; acting on 
by setting (Q x cr) y := a y+x , for all y G and cr G «S^. 
A function / : S^ s ' — > R is called a /oca/ function if and only if there exists A CC £^ 
such that / G J 7 ^ namely, / is -measurable for some bounded set A. For / a local 
function we shall denote by supp(/), the so-called support of /, the smallest A CC 
such that / G J-^ ■ If / G J 7 ^ we shall sometimes misuse the notation by writing /(o"a) 
for /(cr). We also introduce C^iS^) the space of continuous functions on S^' which 
becomes a Banach space under the norm ||/||oo := sup CT65 ( s ) |/(cr)|; note that the local 
functions are dense in C(S^). 

2.3. The potential 

Consider the integer s > 1, a potential & s \ for a lattice model on with configuration 
space S( s ' as above, is a collection of local functions labelled by finite subsets of 
namely, $^ := {<&x e X cc C^}. We say that §^ is /imte range iff there exists 
r > such that $^ = if diam s (A) > r; we say it is translationally invariant iff for 
each x G -C^- 1 , $^(cr) = ^^(Bxtr). We note that the potentials, which do not need to 
satisfy the conditions above, form a linear space in which, given a > 0, we introduce the 
norm || • || a defined by 

||$ (s) || a := sup ^V^^II^IU (2.2) 

We also note that in the translation invariant case we can omit the supremum above. 
Note that the Banach space defined by the norm above is too large to have a satisfactory 
theory of high temperature phases. Indeed in pJ~j[T2] Dobrushin and Martirosyan have 
shown the following: let h : N — > 1R+ and set 

ii$ (s) Hdm mi^d ii^iioo 

If exp{— , yn}h(n) — > in the limit n — > oo for all 7 > 0, there exist complex interactions 
with arbitrarily small norm || ■ ||dm, giving rise to phase transition in the sense that the 
corresponding partition function vanishes for a sequence of cubes A n — > C^ s \ see also [18]. 

Given A CC and a potential $^' ) with bounded || • ||o norm, the finite volume 
Hamiltonian associated to a configuration a G in A is given by: 

H£\v):= E ( 2 - 3 ) 

xccc( s ) 
xnA^O 

Note that the sum on the r.h.s. of ( 12 .3p is absolutely convergent (uniformly in a) by the 
boundedness of ||$^ s ^||o- We also remark that for a potential of range r the Hamiltonian 
depends only on cr^-w.r, namely G JF^ s ^ r . We also let E^\a) be the self-interaction 
associated to the volume A i.e., the Hamiltonian with free boundary conditions namely, 

4 S) W:=E $ ?( ff ) ( 2 - 4 ) 

XcA 



S 



We have that the map : —> R depends only on the spins inside A namely, 



h A cj- a . 



2-4- The Gibbs measures 

Pick s > 1 and consider a potential $w of bounded || ■ ||o norm. For each A CC £ ( - s - ) we 
define the (finite volume) Gibbs measure in A, with boundary condition r £ iS^-*, as the 
following measure on <S A : 



( s )i T /' \ 
A*A I ") := — 7 

z { :>(t 



y— exp j# A s) (^r A c)} 



for any cr £ <Sjy > where (t), called partition function, is the normalization constant, 

Z[ s \r) := ]T e <W) (2 .5) 



Note that we defined the Gibbs measure with a sign convention opposite to the usual one 
and include the inverse temperature in the definition of the Hamiltonian; in fact it will 
be kept fixed in our analysis. 

We regard ^ A ' T also as a measure on the whole by giving zero mass to the 
configurations a which do not agree with r on A c . The (infinite volume) Gibbs states 
associated to the potential $w are then the probability measures fj,^ on which satisfy 
the DLR equations 



J ^\dr) $' T (f) = rf')(f) for any A CC £« , / £ C(S^) 



(2.6) 



where /^(/) denotes the expectation of / w.r.t. u.( s \ 

Given two local functions /, g : S^ s ' -^Ewe denote, finally, by ^ s \f; g) := ^ s '(fg) — 
u ' (/W^G?) the covariance between / and g. 
Condition SM (s) (4, b, B) (Strong Mixing) 

Given a positive integer £q and two strictly positive reals b, B we say that the potential 
satishes SM^ s '(£o, b, B) if and only if for any volume I CC & sl °' by setting A := O s siQ I = 

U ieI Q^fJ (i) , the following bound holds. For each pair of local functions f,g such that 
supp(/) C A, supp(fif) C A, and |supp(/)| A | supp(flr) | exp{-6d s (supp(/), supp(p))} < 1 



we have 



sup |/ii s) ' r (/;s)| < 5||/||oo!bl|oc|supp(/)| A |supp((7)|e^ d ^ supp ^' supp ^) (2.7) 

rest*) 

It is a standard result that if there exist £q, b, B such that Condition SM^ S ^(£ , b, B) is 
satisfied then there exists a unique infinite volume Gibbs state namely, the DLR equations 
(12. 6p admit a unique solution. 

2.5. Lattice gas potential 

A lattice e cLS IS db translational invariant Gibbs field in the case s = 1, which is then 
dropped from the notation, and S x = 1 for each x £ £; in such a case the single site 
configuration space associated to x £ C is X x :— {0, 1}. With the notation introduced in 
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Subsection 12. 2\ for each A C C, we denote by X\ the configuration space on A equipped 
with the product topology and, as usual, we let X := Xc- For t] E X the value rj x G {0, 1} 
is interpreted as the occupation number in x G C. Moreover, we denote by J 7 the Borel 
a-algebra on X and set T\ : = {r] x G X x , x G £} C T . 

For a translationally invariant lattice gas we denote by U the potential and observe 
that U{ x }(rj) = Xrj x + a for some constants A, a G R. We neglect the constant a, which 
do not affect the definition of the Gibbs measure, and note that A is interpreted as the 
chemical potential. We also introduce the activity z G IR+ by z := e A which we use to 
parameterize lattice gases with different chemical potentials. In such a case we write 
U = (z, £/>i) where £/>i := {Ux G Tx, X CC £, |X| > 1} and call C/>i the interaction. 

Coherently with the notation introduced in Subsection 12.41 the infinite volume Gibbs 
measure is denoted by \i. We shall sometimes write \i z for the infinite volume Gibbs 
measure, \i\ z for the finite volume Gibbs measure on A CC C, and Z^ z {r) for the 
partition function of the lattice gas in order to explicitly indicate the dependence on the 
activity z. 

2.6. Block averaging transformation (BAT) 

Let /i be the (unique) infinite volume Gibbs measure of a finite range translationally 
invariant lattice gas satisfying Condition SM(£ ,b, B). Let p := n(r)o) be the equilibrium 
density and let us denote the compressibility by 

x-=^2Km;vx) (2-8) 

Note that SM(£o,b, B) implies that there exists a real number C G (0, +oo) such that 

C" 1 < X < c. 

We consider a positive integer £ and the renormalized lattice C^ e \ For / C C™' we 
define the function JVf : Xj — y {0, 1, . . . , £ d } 2 , which counts the total number of particles 
in each block Qe(i), as follows 

for aU i G J and 77 G Xj. As usual we will let N$ t) =: N® and A^j =: A"f for all i G £ w . 
For any i G £^ we define, moreover, the set 

Mf:={^2j, 1 -^m,...,^=d\ (2.10) 

that we consider equipped with the discrete topology. For / C U^> we introduce, following 
the notation in Subsection 12.21 the renormalized configuration space 
we set M.£(i) =: Ai^ and denote by B^ its Borel cx-algebra. For / C £^ we also 
set By' := a {mi G M.f\ i G /} C 6^. Moreover we define the measurable function 
Mf : [X ^T 0l i) — )• {Mf,Bf) by setting 

Mf (,) := ^^1^1 (2.11) 
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for r) G Xo t i. We let also hdf m =: and M { ( Jj =: ikff } for all i G £0. 

Finally, we define the renormalized measure v"' := p (M^) _1 , which is naturally 
induced by on M {i \ and for / C £ (£) and r G X we let ^ ),T := ^ o (M^) _1 . 
We avoid the troublesome issue of describing Gibbs measures on non-compact single spin 
space, see [19] for a discussion, and consider i/W only for finite £. 



2.7. Main results 

In this subsection we state the main theorems on the weak Gibbsianity of the renormalized 
measure and the corresponding convergence as £ — > oo. 

Theorem 2.1. Let U be a lattice gas potential satisfying SM(£o, b, B). Then for any 
large enough I multiple of £ there exists a family of functions {ipf\(f)f\ I CC C^}, with 
i^f\(j)f : M (i) ^ R, such that 

1. for each I CC we have tjjf\(f)j G Bj. 

2. For each I CC we have ipj = if I is not £-connected. 

3. The functions ipf , <j)j are translationally invariant in the sense specified in Subsec- 
tion \2.3\ namely, ipf'(m) = ipfl^Qim) and <j)f\m) = (pf^Qim) for any i G 

I CC £ w , and m G M w . 

4- There exist a measurable set MS® C MS*\ such that z/^(.M^) = 1, and functions 
r f) . M(i) i-> N \ {0} ; for all i G £ w ; such that for each m G M (e) if I 3 i and 
diam^(J) > rf\m) then %pf\m) = 0. In particular for each i G £^ and m G Ai^ 
there exists a real cf\m) G [0, oo) such that 



J2\4 e \rn)\<cf\m) (2.12) 



5. For each q G [1, oo) 



I3i 



sup z/ (£) i 



(U>, m r)<«> (2.i3) 

I3i 



6. There exists a' > such that 

sup sup Ve a ' diam < (/) |</>f (m)| < oo (2.14) 

7. The DLR equations hold, namely for each J CC £^ and for each local function 
f G B^f 1 we have 



^\f) = [ u®(dm!) —j-fr V f(m) exp { V (mm' JC ) + <j>f {mm' JC )]\ 

(2.15) 



where 



Zj(m'):— ^2 exp | ^f(mm'j c ) + (f)f\mm' JC )]\ 
meM M JrW0 
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In the next theorem we state that in a suitable sense the renormalized potential con- 
verges to the one of independent harmonic oscillators. 

Theorem 2.2. In the same hypotheses as in Theorem \2.1l the family {ipf\(j)f\ I CC 
C^} is such that 

1. for each i G we have ip^(m) = — mf/2 and for each q G [1, +oo) 



lim sup I/O ( 







(2.16) 



I3i: \I\>2 



2. there exists a' > such that 



lim sup sup Ve Q ' diam£(/) |0 W (m)| = (2.17) 



I3i 



where the limits £ — > oo are taken along multiples of £q . 

In order to compute the renormalized potential we compute the partition function of 
the constrained system (11.51) . Since we are in the low temperature regime, the constrained 
system will not have good mixing properties for all possible values of the image variable 
m G Ai^. We thus look at the constrained model as a disordered system and look for 
properties which hold for i/^- almost all image variables, that is we have to construct the 
set MS^ properly. More precisely, we enclose the constrained models in a huge volume 
and we try to compute their partition function via a uniform convergent cluster expansion. 
We then face the typical problem of the Griffiths' phase in disordered systems: anomalous 
values of the image variables, which do occur somewhere in our volume, might produce 
arbitrarily large regions of strong interaction. 

To overcome the above difficulty we follow a classical strategy in disordered systems. 
Let us fix a configuration of the image variables. We first perform a cluster expansion 
in the domains where the constrained model verifies a uniform strong mixing condition 
implying an effective weak interaction on a proper scale. We are then left with an effective 
residual interaction between the domains of strong interaction. Since anomalous values of 
the image variables have small probability, in the set MS^ the strong interacting domains 
are well separated on the lattice; we can thus use the graded cluster expansion developed 
in [2] to treat the effective interaction. 

2. 8. Synopsis 

In Section [3] we construct the full measure set M.^ algorithmically. The required proba- 
bility estimates are proven in a general setting, not necessarily Gibbsian, of the underlying 
distribution of the disorder. The analysis is based on the exponential decay of correlations 
and the key recursive estimate in Lemma [331 is inspired by the approach to the Anderson 
localization in [Hj. 

In Section H] we define the constrained models. We also introduce the condition, see 
(14. 8p . on the image variable m to identify the good part of the lattice where the constrained 
systems satisfy the uniform strong mixing condition. We finally prove, in Theorem 14.41 
that the general theory developed in Section [3] can be applied. 

We then fix a value m G MS§ and compute the partition function of the corresponding 
constrained model for a sequence of volumes invading the whole lattice. More precisely 
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in Section [5] we use a procedure similar to [TU271I28] to integrate over the good part of the 
lattice and get the expansion in Theorem 15.11 In Section [6] we feed the effective potential 
of Theorem 15.11 to the general theory developed in [2] to integrate over the bad part of 
the lattice. 

To complete the proof of Theorem 12.11 we need to express the output of see The- 
orem 16.11 as the sum of local functions. This is not a trivial point since, a priori, the 
partition function of the constrained models depends on the whole infinite volume image 
variable m. Nevertheless, the graded cluster expansion in [2] has been developed with 
a volume cutoff, see ( 16. 71) and ( 16.141) . at each step of the iteration, so that the recursive 
construction allows us to prove locality of the renormalized potentials, see Theorem 16.21 
The convergence stated in Theorem 12.21 is an easy byproduct of the whole analysis. 

3. Bounds on the badness probability 

To compute the partition function of the constrained models, see Section H] below, we face 
the typical problem of the Griffiths' phase in disordered systems: anomalous values of 
the image variables, which do occur somewhere, might produce arbitrarily large regions 
of strong correlation [2]. In the present section we obtain some probability estimates on 
the multi-scale geometry of these regions, based on the hypotheses that such anomalous 
values have small probability. 

In this section we denote the lattice Z d by L. In order to use a setup compatible with 
the one in [2], we use the distance D(x, y) := J2i=i \ x i ~ Ui\ f° r all x = (xi, . . . , x<f), y = 
(yi, . . . , yd) G L; on the other hand we recall that d(x, y) = sup i=1 d |xj — Vi\ as defined 
in Subsection 12.11 Accordingly for X C C we set Diam(X) := sup{D(x,?/) : x, y G X}. 
Moreover, given X C L and m > we set O m (X) := {y G L : D(y,X) < m} be the 
m-neighborhood of X w.r.t the metric D. If x G L we write O m {x) instead of O m ({x}). 
We also recall that B m (X), see Subsection 12.11 is the m-neighborhood of X w.r.t. the 
metric d; of course B m (X) D O m (X) for all IcL 

We describe the strength of the disorder at the site x in terms of a binary variable 
u) x G {0, 1}. We denote by u G Q := {0, 1} L the random field {u x , x G L}; we consider fl 
endowed with its Borel cx-algebra A and we let Q, a probability in Q, be the distribution 
of oj. We also introduce the family of cr-algebras on Q defined by Aa := cr{uj Xl x G A}. 
We measure the diluteness of the system via the parameter 

p:=supQ(w x = l) (3.1) 

which, in our analysis, will be sufficiently small. We also assume that the correlations 
under Q are exponentially decaying; more precisely we assume there exist reals b" > 
and B" < oo such that for each pair of local functions f,g such that |supp(/)| A 
l su PP(fiOI exp{— 6"D(supp(/), supp(g))} < 1 we have 

|Q(/;<?)| < fil/lloclMU supp(/)| a | suppG?)! e -^o»wCfl™to)) (3 . 2 ) 

We have a first classification of sites in good (where u x = 0) and bad (where u x = 1). 
We strengthen the notion of steep scales introduced in [2]. 

Definition 3.1. We say that two strictly increasing sequences T = {Tj}j> and 7 = 
{7j}j> are moderately steep scales iff they satisfy the following conditions: 
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1. T = 0, 70 > 0, Ti > 2, and Yj < jj/2 for any j > 1. 

j 

2. For j > set ^ := V(T; + 7,) and X := inf J > (r i+1 /^); then X > 10. 

i=0 

00 r 1 

3. VFe have } — < - where we understand r /7o = even in the case 70 . 

^— ' 7, 2 

i=i ,J 

^. There exist reals a > and £ G (0, 1) stzc/i i/iai 2 • 3 d ^ +1 < exp{a(l + e) k } for all 
k>0. 

00 

5. For a and e as above we have that $1 exp{— a(l + e) k /q} < 00 for all s > and 

fe=i 

g > 1. 

We remark that with respect to the definition of steep scales given in [2] we have 
added the conditions H] and and strengthened item [2] to A > 10. An explicit example of 
moderately steep scales is given in (I4.19P below. 

Definition 3.2. We say that Q := {Qj}j>o, where each Qj is a collection of finite subsets 
of h is a graded disintegration of L iff 

1. for each g G Uj>o &j there exists a unique j > 0, which is called the grade of g, such 
that g G Qj; 

2. the collection [Jj >0 Qj of finite subsets of h is a partition of the lattice L namely, it 
is a collection of not empty pairwise disjoint finite subsets ofh such that 

U U 9 = L- (3-3) 

Given Go C L and r, 7 steep scales, we say that a graded disintegration Q is a gentle 
disintegration ofh with respect to Go,T,7 iff the following recursive conditions hold: 

3. Q = {{x}, x G G }; 

4- if 9 Qj then Diam(g) < Yj for any j > 1; 

5. set Gj := U 9 gg g C L, B := L \ Go and Mj := \ Qj, then for any g G Qj we 
have D (g, %_i \g)> 7j for any j > 1; 

6. Wx G L we have k x : = sup {j > 1 : 3g G Qj such that d(x, Q(g)) < $j} < 00, where 
we recall Q(g) has been defined in Subsection \2.1\ 

Sites in Go (resp. M ) are called good (resp. bad,); similarly we call j -gentle (resp. j-bad) 
the sites inQj (resp. Mj). Elements ofQj, with j > 1, are called j -gentle atoms. Finally, 
we set Q>j := [j^ Q { . 

The results of the present section are summarized in the following Theorem. 
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Theorem 3.3. Let the sequences T, 7 be moderately steep scales in the sens of Definition 
\3.1\ Assume also that 113. || ) holds, p < exp{— a/(l — s)} and the sequences F, 7 are such 
that 

2 • 9 d B"$l d +1 exp{-b"T k+1 /20} < exp { - ^-(1 + e) k+1 } (3.4) 

for any k > 0. Set finally G (w) := {x G L : u x = 0}. T/ien i/iere exzsfo a sei €l E A 
with Q(f2) = 1 such that 

1. for each u G i/iere exists a gentle disintegration Q = Q{oo) in the sense of Defini- 
tion GOI 

2. for each x G L and X CC L we have that {u : Gfc(w) 3 x} G ^4o^ (x) anc ^ °^ so 
{u : Q k (u) 3 X} G A)^(X)- 

Let us first describe an algorithm to construct the families Qk for k > 1; from this 
it will follow item |2] in Theorem 13.31 Given a configuration w £ O and T, 7 moderately 
steep scales, we define the following inductive procedure in a finite volume A CC L which 
constructs the k-gentle sites in A. 

1 . set k — 1 ; 

2 . set 1 = 1 and V = ; 

3. if (B fc _i n A) \ V = then goto 0; 

4 . pick a point x G (B fc _i n A) \ V , set A = Tk (x) fl B fc _i and V = FUyl; 

5 . if Diam(A) < r fc and D (A, B fc _i \ A) > ^ k then g{ = A and i = i + l; 

6. goto [3]; 

7. set Qk '■= {9T1 m = 1, - - - , * — 1}> with the convention Q k — if i — 1, 

G fc := U™=i ^ . and B fc := B fe _! \ G fe ; 

8. set k — k + l, if < Diam(A) goto [2] else exit; 

Let us briefly describe what the above algorithm does. At step k we have inductively 
constructed B^-i, the set of (k — l)-bad sites; we stress that sites in L \ A may belong 
to Bjfc_i. Among the sites in Bfc_i n A we are now looking for the fc-gentle ones. The set 
V is used to keep track of the sites tested for fc-gentleness. At step H] we pick a new site 
x G B fc _x fl A and test it, at step [5j for ^-gentleness w.r.t. B fc _ 1; i.e. including also bad 
sites in L \ A. Note that the families Qk f° r an Y k > 1 do not depend on the way in which 
x is chosen at step H] of the algorithm. Suppose, indeed, to choose x G (Bfc_i fl A) \ V at 
step H] and to find that A = Or k (x) flB^i is a fc-gentle atom. Consider x' G A such that 
x' ^ x and set A 1 := Or k (x') fl Bfc_i: since A satisfies the test for fc-gentleness at step [5] 
of the algorithm, we have A C A'. By changing the role of x and x' we get A = A'. 

After a finite number of operations, the algorithm stops and outputs the family {^(A) 
(note we wrote explicitly the dependence on A) with the following property. If g G £7fe(A) 
then Diam(g) < T k and D(g,Bfc_i(A) \ g) > 7*.. We call a set g G £7fc(A) an atom of 
k-gentle sites; note however that g is not necessarily connected. 
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We finally take an increasing sequence of sets A* CC L, invading L and we sequentially 
perform the above algorithm. This means the algorithm for A, is performed independently 
of the outputs prevoiusly obtained, i.e., for Aj j < i. It is easy to show that if g G 
Qk(Ai) then g G Q k {A i+ i); therefore Qk(Ai) is increasing in i > 1, so that we can define 
Q k := lim i _, 00 ^ fc (A i ) = Ui£fc( A ») and G fc := um i->-oo Qfc(Ai) = U 9g5fc Hence, B fe (A*) = 
B fe _i(Ai) \G fe (Ai) = L\U^oGj(^) is decreasing in % > 1, so that M k := lim i _ ) . c>0 B fc (A i ) = 
^Bfc(Aj). We also remark that, by construction, {B^, k > 0} is a decreasing sequence. 
We say x G L is k-gentle (resp. k-bad) iff x G (resp. x G B^). 

Note that it follows from the construction that it is possible to decide whether a site 
x at step k is fc-gentle by looking only at the w's inside a ball centered at x of radius d k 
(as defined in item [2] of Definition 13. ip . 

Lemma 3.4. Let G k and Gk> k = 0,1, . . . , as constructed above. Then item\^in Theorem 
\3.3\ holds, i.e. for each x G L 

{u : x G G k (u)} G A 0§k { x ) (3.5) 

and for each IcL 

{uj : Xe&(w)}G A^*) (3.6) 

Proof. We first prove (13. 5p . We proceed by induction. For k = (13. 5 p holds trivially. Let 
O := Or k {x). From the algorithmic construction above we have 

{x G G k } = {xe B fc _i}n{Diam (O H B fc _0 < T fc }n{D (B fe _! n O, B fe _ 2 \ O) > 7 fc} (3-7) 

Since is increasing, by the inductive hypotheses 

k-l k-l 

{x G B fc _ x } = f]{x $ G h } G \/ = ^ 3 - 8 ) 

ft=0 ft=0 

On the other hand 

{Diam (O n Bfc-x) < T,} = f| ({y £ B^J U {z £ B^}) G \J Ao^y) (3.9) 

D(y,*)>r fc 

where we used (I3.8p . Finally 

{D (B,_! n O, B,_! \ O) > lk } = 0(y, z)e(On B fc _i) x (B fc _i \ O) : D(y, z) < lk } 

f| ({y £ B fc _i} U £ B fe _!}) 

!/60,z6l\0: 
D(y,z)<7fc 

hence 

{D(B fc _ 1 nO,B fe _ 1 \0)> 7fe }G \/ Ao^y) (3.10) 

D(*,;,)<r fc + 7fc 

where we used again (13.81) . Recalling $ k = $k-i + Tfc + lk, equation (I3.5P follows from 

Q3ZM33DP- 
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Similar arguments can be used to prove (I3.6p . If Diam(X) > Tk then X £ Q k . We 
consider, now, the case Diam(X) < r^; we have: 

{Xeg k } = {xGB fc _ lj VzGX}n{D(X,B fc _ 1 \X)>7 fc } 

= p| {iGl w }n{D(I 1 B M \I)> 7fe } (3.11) 

Now, from (13. 8p we have that 

f| {x£B H }G\_ iffl (3.12) 

Moreover, 

{D(X,M k _ 1 \X)> lk } = {$(x,y)eXx(B k _ 1 \X):D(x,y)< lk } 

f| {y^B^^G^pq (3.13) 

yeL\X:D(y,X)< 7fe 

and from f l3TT]) -f l3TT3|) we finally get (j3T6|) . □ 

Theorem 3.5. Let t/ie hypotheses of Theorem Iff. 31 &e satisfied; recall a and e have been 
defined in item [7] of Definition \3.1[ Then 

supQ(w : x G B fc ) < exp { - — ^— (1 + e) fc j (3.14) 

Postponing the proof of the above bound, let us show how it implies, via a straight- 
forward application of Borel-Cantelli lemma, Theorem 13.31 

Proof of Theorem Iff.ffi Proof of item [TJ for each u G Q let Q = Q(ou) = {Gj{u)}j>o 
be constructed by the algorithm described below Theorem 13.31 We have to show that 
Q satisfies items [THE] in Definition 13.21 Q-a.s.: items [TJ [3j IU and [5] hold by construction. 
We prove first that there exists a set Cl C f2 of full Q-measure such that item [2] (of 
Definition I3.2j) holds, namely such that {Jj >0 Gj{u) is a partition of the lattice L. Let 
Bqo be the random subset of the lattice given by !«, := lim^oo B n = (l^ =Q M n . From 
Theorem 13.51 and the Borel-Cantelli lemma we get 

(oo oo \ / oo \ 

f] \J{xeM k } \ = Q lf]{xeM n } \ =Q({xGl 00 }) (3.15) 
n=0k=n J \n=0 J 

where we have used that B n , n G N, is a decreasing family of subsets of the lattice. 
Whence, by taking a countable union, we get 

o = Q ( \J{x Gioo}) =q(b oo ^0) = i-q(l=IJg j 

\xe£, / \ j=o 

We prove, finally, that also item E] of Definition 13.21 is satisfied Q-a.s.: it is enough to note 
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that for x G L we have 

oo 

Q (w : 3g e g k (u) : d(x, Q(g)) < & k ) 

k=l 

oo 

< ^ Q (w : 3y G B fc _i(w) : d(x, y) < fc + T fc ) 
fe=i 

oo 

< ^ [2(0* + T fc ) + l] d sup Q (w : y G B fc _i(w)) (3.16) 
fc=i ^ 6L 

oo 

fe=i 

oo 

< J][2(0 fc + r fc ) + l] d exp{ 



afl + !> < oo 



k=l 



where we used the bound (13. 14ft and item |5] in Definition 13.11 The proof is completed by 
applying again Borel-Cantelli. 

Proof of item [2] of the Theorem: it has already been proven in Lemma 13.41 for the 
graded disintegration constructed via the algorithm described below Theorem 13.31 □ 

The key step in proving Theorem 13.51 is the following recursive estimate on the prob- 
ability of the degree of badness. 

Lemma 3.6. Let the hypotheses of Theorem \3.3\ be satisfied. Set p k := sup,j. gL Q (x G B*), 
for k = 0,1,... ; set also A k (x) := lk+Tk (x) \ 0(r k -x)/ 2 {x) and \A k \ = \A k (x)\. Then for 
each k = 0, 1, . . . we have 

p k+ i < \A k+1 \(p 2 k + B"\0<> k \ exp{-6 /, r fe+1 /20}) (3.17) 

Proof. Recalling the definition of the fc-bad set B* we have 

{x en k+1 } = {x en k }n{x <£G k+1 } (3.18) 

On the other hand, by the construction of the (k + l)-gentle sites, 

{x G B fc } n {x i G k+1 } C {x G B fc } n {3y G A k+1 {x) : y G B fc } (3.19) 

indeed, given B*, if there were no /c-bad site in the annulus A k+ i(x) then x would have 
been (k + l)-gentle. From fl3TT5D and fl3TT9]) 



xGB fc+1 )< q( |J {xeM k }n{y G B fc } J 



■ y&A k+1 (x) 



< Q({^B fc }n{yGB fc }) (3.20) 

y£A k+1 {x) 
i/GA fe+ i(x) 
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We note, now, that for x G L and y G Ak+i(x) we have 



D(0» k (x),0* k {y)) > 



A-8 1 



(3.21) 



recall we assumed A > 10 in item [2] of Definition 13.11 By Lemma [3.4[ (13. 2p . and (I3.20p . 
we finally get the bound (I3.17p . □ 

Proof of Theorem Iff. 51 The thesis follows by induction from p := p < exp{— a/(l — 
e)}, Lemma I3"l)j item @] in Definition 13. 1\ equation (13 .4p . < 3 d, df +1 , and |0,jj < 

d i—i 

fc+i- 



3 d 7?lui. 



4. The constrained models 

In dealing with the renormalization group transformation it is necessary to pack spins 
associated to different sites of the lattice so that a new variable, often called block spin, 
is obtained. 

4-1. The block spin models 

Recall the general setup introduced in Subsections 12 .2f42T4l for a spin model on lattice C^ s \ 
with s > 1 integer, with potential 3>w, anc l Gibbs measure For u a positive multiple 
of s we consider the lattice £W and associate to each site % G CS^ the single site block 
spin configuration space 

S^ u := <g) SW = SM (4.1) 

We can then consider the block spin configuration space Sj S ^' u := ®j e /iSf s ' ) ' M , for any 
/ C equipped with the product topology. As usual we let iS^if =: S^ ,u and 

denote its Borel a-algebra by J 7 ^'". Moreover, for each I C £ < - u ' ) we set J 7 ^'" := er{(j G 

As for the lattices we introduce operators which allow to pack spins and unpack block 
spins. With an abuse of notation we shall use the same symbol as in Subsection 12.11 
We define the packing operator 0" : — > S ( - S ^' u associating to each spin configuration 
a G the unique block spin configuration O^a G S^ s '' v such that (0"er)j := {cr x , x G 
Q^ s (i)} for all i G C^. The unpacking operator O s u : S^ ,u — > associates to each 
block spin configuration £ G S^' u the unique spin configuration O^C G such that 
£. = {(O s u () x , x G £?JJ,(i)} for all i G Note that in the case of infinite volume 

configurations the packing and the unpacking operators are one the inverse of the other. 

We remark also that the two operators allow the packing of the spin <j-algebra and 
the unpacking of the block spin one namely, for each I C & u > and A C we have 

O:^) = Foil ^d 0:(^)c^lt (4-2) 

Where in the last relation the equality between the two a-algebras stands if and only if 
O s u O-A = A. 
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To a block spin configuration we can naturally associate the potential $( S ) ,M defined 
as follows; for each I CC the function <&y^' u : S^ ,u — >■ M is defined as 

;= £ [$ W o o s u ] (4.3) 

IC£< S ): 
0%X=I 

We remark that $( s ) >n 6 ^ s '' v . Given I CC we consider the block spin Hamiltonian 
jj{s)' u . _s. ]g> associating to each block spin configuration £ £ ,S( S )> U the Hamiltonian 

#i* ),U (C) := E $ / ),U (0 ^d £^(C) := E ^'"(0 (4-4) 

It is easy to show that, given I CC & u > and the block spin configuration Q E S^' u , 
the Hamiltonian Hj S ^' u is the Hamiltonian of the unique spin configuration O^Q £ 
obtained by unpacking £; indeed 

H^io = E 4 S),W (0 = E E ^(°i0= E *S?(^o = #&(^o 

(4.5) 

We can finally define a Gibbs measure on the block spin configuration space S^ s '' u , 
with its a-algebra J 7 ^'", by considering the measure /i^'" := fx^ o C?£ which is Gibbsian 
w.r.t. the potential (14.31) . 

We note that it is possible to make block spins out of block spins namely, we can 
consider S^' u as the starting configuration space, fix a multiple v of it, and construct the 
block spin configuration space S^ ,u ' v . Exploiting the fact that v is a multiple of s it is 
possible to construct the block spin space S^' v ; note that the spaces 

S (s),u,v and S (s),v 

are different because they are produced by grouping the original spins, living on scale s, 
in two different ways. 

For the sake of clearness we list here the particular cases in which we will make use of 
the block spin setup introduced above. First of all, we fix the the renormalization scale 
£ and the rougher scale p = p(£) := d£. On one hand we consider as original lattice 
model the lattice gas \x on C with configuration space X and algebra of the events J 7 , 
see Subsection 12. 5\ and construct the block spin space X^' e = X i , its a-algebra J 71 , and 
the Gibbs measure ll = \x o 0#, with On : X e — > X the unpacking operator. Then, on 
the rougher scale p, we construct the space X^' £ ' p = X £ ' p , its a-algebra J-^ ,p , and the 
Gibbs measure // ,p = ll o O with O p : X e,p — > X e the unpacking operator. On the 
other hand, we consider as original lattice model the renormalized model on with 
configuration space M.^ and algebra of events see Subsection I2.6[ and we construct 
the block spin space Ai^' p , its a-algebra B^' p and the measure u^' p = i/W o O e p , with 
O e p : Ai^' p —> M.^ the unpacking operator. The elements of M.W will be denoted by 
m, and by n those of A4^' p . 

4-2. The constrained models 

Let £ be the size of the BAT transformation, see Subsection \2.6\ and pick a configuration of 
renormalized variables and m £ yVf^. We define the single site constrained configuration 
space 

*3:={Cetf : Mf(0 = ^}c^ (4.6) 
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object model 


constrained model 


image model 


lattice 


A C C = Z d 


/ C £W = (£Z) d 


/ C £W = (£Z) d 


configuration space 


A" A = {0,1} A 


vW _ vW 




cr-algebra 


Fa 


■At) 

' r m,I 




measure 


/4 


H'mJ 





Table 1: Notation for the object, constrained and image model; in the table m G is 
a given renormalized configuration, a E X and r G A'O are fixed boundary conditions. 

which will be equipped with the discrete topology. For I C C^' we consider the constrained 
configuration space X ( f ) I := (££) iG/ X^\ C Aj equipped with the product topology; we 

remark that \J m&M (t) X^i = ^1 • As usua l we let =: <^m and denote by Tm the 

Borel a-algebra of X$; for each / CC we set := a{Q G A^J, z G /} C .F^. 

Finally, we consider the block spin potential U^' e = t/^ constructed as in (14. 31) starting 
from the lattice gas potential = U — (z, E/>i). 

We consider, now, r G A 7 and emphasize that r does not depend on the fixed m, in 
the sense that it is chosen arbitrarily in a set not depending on m. Let I CC we 
define the probability measure for the constrained model on / with boundary condition 
r as follows: for each ( G A* 



mJ 



where the Hamiltonian H\ is defined as in (14.41) and the partition function Z^j(t) is given 
by 

Note that the function if) : A^ — )■ IR can be evaluated in £tjc, indeed £ G A^j C xf^ 
and r G X imply £tjc g A" . 

We remark that the function Z^j(-) G J-| c can be looked at as the partition function 
of a not translationally invariant finite volume system which is the original lattice gas 



constrained to have fixed values p\Qe \ +rni^J\Qi\X °f the total number of particles in each 
block Qe(i) for all % G I. Its elementary variables are the original spin configurations in 
each block Qe(i) compatible with the assigned value m ; namely, the set X^\ defined in 
(]4.6j) . Finally we note that for each r G X e we have m H- Z^ 7 (r) G -6^. 

The finite volume renormalized measure z/j^' T , introduced in Subsection 12. 6} which 
is a probability measure on Aif , can be written in the Gibbsian form w.r.t. to the 
renormalized Hamiltonian given by logZ^j(r). Our aim will then be to compute the 
partition function Z^j(t) for given m G M.^\ More precisely we are interested in finding 

an expression for logZ^^r) that allows to extract the renormalized potential with a 
procedure having sense in the thermodynamics limit. 
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4-3. On goodness and badness 

As mentioned at the end of Subsection 14 . 1 1 technical reasons, connected to the computation 
developed in Section below, force the introduction of the rougher scale p = d£. We then 
pack the renormalized variables m; lying inside cubes of & > of side length d to form a 
renormalized block spin nt, with t E & p >. More precisely we consider the block spin space 
M {e) ' p , its a-algebra B (e) ' p and the measure v^^ = u® o Oj, with O l p : M {e) > p -> M {e) 
the unpacking operator. 

We define, now, the good part of the lattice & p >. We fix 5 E (0, 1/6) and n E M^' p ; 
recall x nas been defined in (12. 8p . we set 



C 



(p), 



n) 



jrf := {t E C {p) : |(£>f,n)*| < f^/e-a)^-!^ for all { e gW (4. 



(0 



We say that a site i E is good w.r.t n E M^' p if t E C g (n)\ if i is not good we say 
it is bad. Loosely speaking a cube of side dl of the original lattice is good if the empirical 
density in all its d d sub-cubes of side £ differs from the infinite volume mean p less than 
£-d{i/3+S) . ^ n j g cno i ce ensures the validity of the central limit theorem inside the good 
blocks, see [TJ Theorem 4.5]. 

4-4- On the goodness of good sites 

As we have already discussed in Subsection !2.8l our strategy of proof consists in performing 
a cluster expansion, similar to the one used in [TJ, in the good region of the lattice and to 
use the sparseness of the bad sites to carry out the sum over the bad part of the lattice. 
In this subsection we deduce the property of the good blocks that will enable us to cluster 
expand the partition function of the constrained models in this region. 

We recall that £ is the scale of the renormalization transformation. Let % E CS P > and 
k E {1, . . . , d}, we denote by P l ' k the family of all not empty subsets / C such that 
for each j E I we have jk = %k and jh E {ih — p, ih, ih + p] for all h = 1, . . . , d and h ^ k. 
We set 

I±:~- 

and, for m E My) and a E 



i k and j h E {i h - p, i h , i h + p] for all h 
d^In{jEC {p) : ]k = i k ±p} 



X e , a± := a i I± and o"o 



has been introduced in (14. 8p . given J C £ w we set Vg(J) := {m E 
^(i/ 6 -*) x -i/ 3j ■ e jy 



Recall 5 > 

M® : \mA < 



Theorem 4.1. Let the lattice gas potential U satisfy Condition SM(£ ,b, B) . We have 
that there exists a real C = C(5,£ ,b, B, \\U\\ ,r,d) < 00 such that for each £ multiple of 
£ and i E £ {tp) we have 



sup sup sup sup 

k=l,...,d i eP i,k mgpWiptj) a,C,r£Xt 



(0 



< -j (4.9) 



To prove the above theorem we shall use Lemma 14.21 below in which it is proven that 
the strong mixing condition holds uniformly in the activity. To state precisely such a 
property we introduce the notion of lattice gas with not homogeneous activity: consider 
the configuration space X := {0, 1} C of the lattice gas, the Borel a-algebra J 7 , see Sub- 
section [23J and the family of local functions t/>i = {Ux E J^x, X CC £, \X\ > 1}. Let 
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z := {z x G [0, oo), x G £}, the lattice gas potential with not homogeneous activity is the 
family of functions U- := {Ux G Tx, X CC £} with 



u x (v) 



rj x log z x if there exists x G C such that X = {x} 
U x {rj) if \X\ > 1 



for all rj G X\ we shall use the notation 17- := (z, E/>i). Given A CC £^ and r G Af, 
the finite volume Gibbs measure with boundary condition r associated with the lattice 
gas potential with not homogeneous activity U- is denoted by fi\ z and the corresponding 
partition function by Z T kz . Namely, we have 

Z X,, : =Z ex p{ E Ux(vrAc) + J2^gz x } (4.10) 

■neX* xnA^0: xGA 

A'|>1 

It is easy to see that by (SHU], see Remark 2 in [TJ p. 849], the following lemma, stating 
that the strong mixing condition (12 .7p is satisfied uniformly in the activities, holds. 

Lemma 4.2. Let the lattice gas potential U = (z, Z7>i) satisfy Condition SM(£ ,b, B). 
Then there exist e > 0, £' multiple of £q, and two positive reals b' = b'(e, b, B, £q) and 
B' = B'(e, b, B, £q) < oo such that for z = {z x G [0, oo) : x G £} such that \z x — z\ < e, 
for all x G L, the lattice gas potential with not homogeneous activity U- = (z, £7>i) satisfies 
SM(£' ,b',B>). 



Proof of Theorem 4-1 Let fi z be the unique infinite volume Gibbs measure of the lattice 



gas with potential U = (z^Uyi) and set q : (0, +oo) 3 z — y q(z) := fi z (vo) £ (0,1). 
Let e > be as in Lemma 14.21 by the continuity of g we can choose e' > such that 
g" 1 (g(z) — 2e', g(z) + 2e') C [z — e, z + e}. The thesis follows by Lemma [4721 and [TJ Prop. 
5.1]. □ 

4-5. On the sparseness of bad sites 

In this subsection we state precisely in which sense the bad sites in are sparse. We 
define the map ir : M {e) > p {0, 1} C ' by setting for each n G M^ p and t G 

('(»)),==(? if i e ^ )(n) (4.11) 
v K JJt 1 otherwise v ' 



As a first step we show that the probability that a site is bad is exponentially small 



in 



Theorem 4.3. Let the lattice gas potential U = (z, E/>i) satisfy Condition SM(£ ,b, B). 
Then there exists a real C — C(e, £q, b, B) > such that for any positive integer £ we have 
that 

sup v w ' p ((7r(n))t = 1) < exp{-C£ (1/3 " 25)d } (4.12) 

Proof. We have 

sup u^((7r(n)) t = 1) = sup G Qfjt) : |m<| > 

< rf d SUp /i(|M, W | > X -V2) 



23 



We pick i G To bound the right hand side of the above inequality, we recall (12.111) . 
consider L > £ integer, set A^(i) := {x G C : d(x,Qe(i)) < L}, and use the exponential 
Chebyshev inequality, with h > 0, as follows 



fi(M® > ^(l/6-«) X -V2) = //( J] (V* - P) > t m ~ S 

x€Qe(i) 

/^(exp {/i Yl fa* ~ ^)}) 

x-GQ £ (i) 

y M rfr ) ^a £ (<) (exp {/i ^ - p)} 



< e" 



(2/3-.5)d 



(2/3-5)d 



_ M {2/3-S)d 



fi(dr) exp { log Z 



z(i,h) - l°g^A L (i),2(i,0) - 



(4.13) 

where we used the DLR equations (I2.6P and, for r G X and A CC £, we have considered 
the partition function 



J A,z(i,h) 



^2 ex P {h a (t]t A c) +h ^2 Vx\ 



(4.14) 



a;GAnQ f (i) 



of a lattice gas with not homogeneous activity z(i,h) such that z x (i,h) = ze h for all 
x G Qe{i) and z x (i,h) = z otherwise; recall z is the activity of the original lattice gas. 
Note that Z T K z ^ s coincides with the partition function Z\ of the original lattice gas. 

From the strong mixing condition SM(£ , b, B) it follows that there exist two positive 
reals C\(£o, b, B) < oo and C^^oj b, B) > such that for any L multiple of £q and r G X 
we have 



dlogZ 



A L (i),z(i,h) 



dh 



h=0 



< 2G* £ d 



(4.16) 



(4.15) 

By Lemma I4T21 there exist e > 0, £q multiple of £cb an d the two reals b' = b'(e, b, B, £ ) and 
B' = B'(e,b, B,£ ) such that the perturbed lattice gas potential satisfies SM(£' ,b' , B') 
for all < h < e. Hence, if L is a multiple of we have that there exists a real 
< C3 = 6*3(5, £oj b,B) < oo such that for any /i G [0, e] and r 6 A 1 the following bound 
holds 

dH °Z Z ±L{i)^M _ v- T f , 

^2 ~~ ^A L (i),z(i,h)yVx,Vy) 

where we recall fi Az , for A CC C and z G [0, oo) £ , is the finite volume Gibbs measure 
of the lattice gas with not homogeneous activity z_ and boundary condition r G X . By 
expanding the exponent on the right hand side of (I4.13P and using (14.151) and (14 . 1 6 j) we 

get 

//(Mf > f*CV6-5) x -l/2) < exp{ _ M (2/3-6) d + Cii d e -C 2 (L-l) +h 2 C3id} ^ 

Taking the limit L — > oo we finally get 

/i(Mf > ^(V6-<5) x -l/2) < exp {_/,(£(2/3^ _ ^ 3 ^ )} (418) 
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The bound fl4~T2j) follows by choosing h = £-W 3 + s ) d / (2C 3 ); indeed the steps in (Q3]) can 
be repeated to bound //(Mf } < -£d{i/e-s) x ~i/2y □ 
In Theorem 14. 41 below we shall state that the bad sites of are sparse in the following 
sense. There exists a full measure subset of Ai^' p , such that for each n in such a set 
there exists a gentle disintegration, see Definition 13.2} of the lattice with respect to 
its good part Cf and two suitable moderately steep scales T, 7. The two sequences are 
chosen as in [21 Remark 2.3] namely, given (3 > 9 we set Tq = 70 := 0, 

T k := e^X 3 / 2 )* and lk := -e^ k+1 for k > 1 (4.19) 

8 

Those sequences are steep scales namely, they satisfy items [TH3] in Definition 13.11 More- 
over, see the remark below Theorem 2.5 in [2], we choose /3 large enough so that the 
supplementary conditions on the steep scales in the hypotheses of [21 Theorem 2.5] are 
satisfied with a — 1. It is easy to prove that for 

e G (1/2, 1) and a > 9d(3/2 (4.20) 

the steep scales T, 7 are moderate namely, they also fulfill items HH5] in Definition 13.11 
The conditions above on and a are met for £ integer large enough if we set 

a = a 5 (£):=^d[0V£^ 3 ~ 2S ^ 2 ] (4.21) 



where 5 G (0, 1/6) is the real number which has been picked up before (14.81) to define the 
good part of the lattice C^ p \ 

In order to prove Theorem 12.21 we had to choose the parameter a diverging with the 
renormalization scale £. In fact we shall need that the probability that a site of belongs 
to a fc-gentle atom vanishes fast enough as £ — > 00. On the other hand the existence of 
the gentle disintegration of is proven on the basis of Theorem 13.31 whose hypotheses 
are satisfied if the probability p for a site to be bad is smaller than exp{— a/(l — e)}. In 
our application this probability is estimated with the stretched exponential in (14.121) : to 
ensure that for £ large enough p be smaller than exp{— a/ (1 — e)} the function as(£) must 
diverge sufficiently slow. The choice (14.2 ip meets both the above requirements. 

Theorem 4.4. Let the lattice gas potential U satisfy Condition SM(£ , b, B). Consider the 
two moderately steep scales r, 7 defined in \4.19\) . Then for each £ large enough multiple 
of £q there exists a B^' p -measurable subset Ji4^' p C Ai^' p with v^ ,p {MS t> ' p ) = 1 such 
that 

1. for each n E Ai^' p there exists a gentle disintegration G(n), see Definition \3.2[ of 

with respect to Go( n ) '■= ^^H 77 -)? T, an d 7- 

2. for each t G C {p) and X CC £ ip) we have that {n : G k (n) 3 t} G t ) and als ° 
{n: g k (n)3X}eB { ^ 

Proof. We use the setup of Section [3] with L = Recall the map 7r : Ai^' p — > 

{0, l} £(p) has been defined in (14. lip . Note that for each x,y G L we have 

d 

V(x,y) = Y) \ x i ~ Vi\ < d SU P \xi-Vi\ = (d/p)d p (px, py) 
. , t6{i,...,d} 



25 



From Condition SM(£o, b, B) it follows that the measure Q := u^' p o n" 1 on the set f2 : = 
{0, 1} C P , endowed with its Borel u-algebra A, satisfies the bound (13. 2p with constants 
b" = pb/d and B" = p d B. By taking £ large enough the scales T, 7 in (I4.19P satisfy (13.41) . 
Moreover by Theorem 14.31 

p := sup Q ({w : Ut = 1}) = sup v^ p ({n : (ir(n)) t = 1}) < e -« (1/3 ~ 25)d 

We can therefore apply Theorem 13.31 we set J\A.^ ,P := 7r _1 (f2). The thesis follows by 
noticing that for each X C £ {p) we have B { s p) D pO s (p~ l X) for all s > 0. □ 



5. Cluster expansion in the good part of the lattice 

In this section we start to compute the renormalized potentials; our main technique, as 
in [TJ, will be the scale adapted cluster expansion. 

Let £ be the renormalization scale recall p = d£; for m G M.^ the set £^f\ofm) = 
Cg C has been defined in (14.81) . Pick A CC & p \ a configuration of the renormalized 
variables m G and a boundary condition r G X l \ set J := C*pA, A<5 := A fl Cg and 

Ja := Of,A 5 . We write 

zZ{r) = eMH e j(riTj«)} = E E exp{^(^r JC )} 

In this section we fix a G ^„ j\j 4 an( ^ compute the partition function associated to the 
good part J$ of the set J namely, we compute 

E exp{^( W r JC )} (5.1) 

' m,J s 

We rewrite this problem on the scale p, that is we apply the procedure described in 
Subsection 14.11 to the constrained models introduced in Subsection 14.21 on the scale £ to 
group the block spin variables on the scale p. We fix a configuration n G Ai^' p , the 
corresponding renormalized configuration is m = m(n) := C^n. We recall the notion of 

constrained model defined on the configuration space Xm and, via the procedure discussed 
in Subsection 14.11 we construct the configuration space Xm' p and its er-algebra Tm ,p \ for 
A CC £(p) we set J%>£ := {0 G i G A} C J^. 

Finally we consider the potential U^^ ,p = U £ ' p , obtained by applying the procedure 
in Subsection 14.11 to the original lattice gas potential introduced in Subsection 12.51 and, 
given A CC £( p \ we consider the Hamiltonian H^ p and the self-interaction E^ p \ we 
obviously have that for each £ G X ,p 



For A CC £ {p) we can then write the finite volume Gibbs measure with boundary condi- 
tion f G X £ ' p as 

JQftfC) ■= - e fli ,p («Ac) c G x W,p 

"m,A ISj • „(^),p, e s e S ^m,A 

Z m,A IsJ 
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The partition function above is given by 



Note that the boundary condition £ G X^ ,p is chosen independently of the renormalized 
configuration m. We have that Z^f(-) G jjf and m i-> Z®£{£) G Bf ,p . 

It is easy to show that Z^j (orjc) = Z^f(Of(arjc)). In the following theorem we 

shall denote by £ := Of(aTjA the block spin configuration outside As = A D C 5 P \ 

Theorem 5.1. Let the lattice gas potential U satisfy Condition SM(£ ,b, B) . Then for 
each I large enough multiple of £q, n G Ai^' p , and A CC there exist a family of local 
functions {Vx\ p (-,n) : X l,p — > R, X CC £^}, a real K^f 1 , and an integer k such that 

1. for any £ G X ,p we have the absolutely convergent expansion 

1^ 4tr,A, (o = k a ] - \ E + E ^ & ») ( 5 - 3 ) 

ieOiA XCC*): 
xnA^O 

w/jere V^^(-, ra) constant if X n A 5 = 0; moreover, V^"(-, n) = i/X n A 5 = 
and diam p (X) > 

For any X CC £ (p) 



2. we /iawe V^ p (-,n) G .F^c/ 

5. z/X not p-connected then V^\ p (-,n) = 0; 

I if X f) A s ^ ® we have that X n (A^ (p),K ) c ^ implies V^f{-,n) = 0; 
Moreover 

5. there exist reals a± > and Ai < oo depending on £q, b, B, \\U\\, r, d, and 5 such 
that we have 

sup E eaeTp(X) SU P !I^4a P (-^)IIoc<^ (5.4) 

where we have set ag := ct\ log(e£) and An := A\ £( K + 1 ) da i+ d ; - 

6. we have that 

lim sup sup sup || V^]( p (-, n)||oo = (5.5) 

<?->oo Acc£(p ) JfcA neM (.t),p. 

A p \n)DX 



where the limit is taken along a sequence of multiples of 



7. for any A, A' CC and X CC £ (p) if X n A = X n A' i/ien V£x' 
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8. let X, A CC £ (p) and n,n' E M {e) ' p such that n x = n' x , then 

V^(;n) = V^(-,n>) (5.6) 

We have a situation very similar to the one in [I] where we considered the case of a 
torus; the sole difference is that, now, A$ is an arbitrary finite subset of C^ p \ hence its 
boundary can be geometrically complicated. To simplify the exposition, like in [I], we will 
treat explicitly only the two-dimensional case. The general d-dimensional case can be 
treated analogously, following the methods of [28]. We mention that a similar expansion 
has been used in [I] to study coupled maps. 

As in [JJ we will transform the constrained system, whose partition function is Z^'J^ (£ ) , 
into a small activity polymer system. More precisely, we shall prove the following formula 

where Z^f s (£) is a product of partition functions on suitable finite volumes; the depen- 
dence on m of the single factors is local. Moreover, the reference system around which we 
perform the perturbative expansion is described by the partition function Z^f(£). On 

the other hand S^f ' (£) is the partition function of a gas of polymers, see (15.431) below. 

The expression (15. 7p is well suited to compute the renormalized potentials; in order to 
get good estimates on them we need that the polymer system described by (£) is in 
the small activity region thanks to the uniform bound in Theorem 14. II In other words, the 
bound (14 .9p implies that the finite size condition of [28] is satisfied on A^. More precisely, 
recalling the notation introduced in Subsection 14. 4\ there exists a real C < oo depending 
on £ , b, B, \\U\\ , r, d, and 5 such that for £ multiple of £ , m E MS*\ and i E we 
have 



sup sup sup 

k = l,...,d l£Pi,k cr,(,T£X l >tP 



Cn4" (<7+C - T » )Z Sn4- (C+<7 - To) 



<% (5- 



n 



We start, now, the computation yielding the expansion (15. 7ft . We pick A CC C^' and 
^ _A/fW>p; to simplify the notation we set m = O e n and A := A^ = A fl C[ (n). Recall 



e i = (fP;0) an d e% = (0, p); we partition into the four sub-lattices A := £( 2p \ 
B := £( 2 *0 + e ip \ C := £^ + e[ p) + e {p \ and V := + e[ p) . We label the points 

in those sub-lattices by k E £( 2p ) as follows: A k := k E A, B k := k + E B, 
C k :=k + e[ p) + e ip) = B k + e[ p) E C, D k := k + e[ p) = C k - e [p) E V. It is useful, here 
and in the sequel, to think to ef as horizontal and to e p as vertical. 

Recalling definition (I4.4p for £ E X £ ' p , x E we define the function -E^HO : 
X 1 * ^ 1 as 

( E^ } ( V ) ifxE A 
Ka^IO ■= \ if x # A and Vx = & (5.9) 

{ -oo if x £ A and rj x ^ £ x 

where we recall that by EfK we mean E^Jj e ' p , see the discussion below (14.51) . We shall un- 
derstand, below, exp{— oo} = 0. We have that E x '^(-\^) E F/J^; we notice here that in the 
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Wkl x -.= E% X -Ef-E^ (5.10) 



following we will sometimes misuse the notation and write E x '^(r) x \£) instead of E e ^(rj\^). 

We define the interaction W x f x : X e,p — > IR between two disjoint sets Xi,X 2 CC 
by setting 

u, 

X1.X2 ' X1UX2 Xi X2 

Notice that W%* Xa G ^fux 2 - For x e we define the function : X e >e — ^ IR by 

setting 

' if x £ A 

^fiUi**: if 1 G A n D 

^Wu(^nAc) ifxGAnC (5.11) 

^{i},^u[(Cux>)nA c ] if ^ G A fl 23 
if r P A n A 

By using definitions (15.91) . (15.111) . and choosing £ large enough such that p = d£ > r 
(recall r is the range of the original interaction, so that the block spin interaction has 
range one), we have that for 77, £ G X e ' p , such that rj^c = £ A c, 



#A» = e [^(^lo + ^A^+^r^io + ^A^) 



(5.12) 



For 1/ C we introduce the set 

y$Zv--= <g> <i> (8) *ft (5-i3) 



xeAny xgA c nv 



as usual if V = we drop it form the notation. Hence, we have that for £ G A^' 83 the 
partition function in A can be written in the following way 



2$f(0 = E «pW(^a-)} 

E ( II exp{^ ;A KJO + ^ A K B ucup)}) 



X 



E ( II -p«a(/3bJo + <smw}) (5141 



X 



E exp{^ ;A ( 7c J0 + ^ A (a/3 7 ^)} 



x E ( II ^{ E ZA^\0 + W^. A (a^5)} 

uc -^A,m,E> 

Notice that although the sum defining the partition function is extended to the volume 
A, it is convenient, for practical reasons, to consider the sums extended to the whole 
lattice C^ p \ This has been realized in the last step of (15.141) via the definition ( 15.9ft of the 
function E^. 
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In order to get (15.71) we perform a sequence of decimations; we fix £ and sum over 
5, 7, (3, and, finally, a following this prescribed order. At each decimation step, we 
perform three operations, called unfolding, splitting and gluing, which will show that 
the system of variables corresponding to the sub-lattice involved in the decimation is 
weakly coupled. This weak coupling is a consequence of the factorization properties of 
the partition functions on suitable finite volumes which follow from (15. 8p . 

We pick a reference configuration fj G X e ' p and let £ := t/a£a c - By computing the last 
sum for 5 G 3^Am v in (EH]) and recalling p > r, we get 

E II ^{^. A (foJO + wSf. A (a j 9 7 «5)}= II Z % k }nA^v) (5.15) 

where from now on we understand Z^^ = 1. We also note that ^^{D fc }nA depends 
only on the block spin configuration in the boundary of {-Dfc} H A namely, ^„f{z> fc }nA G 
•^8(pH{Z) fc }nA]' * n P ar ticular it does not depend on Finally we note that by definition 
( 15.9jl . when (15 . 151) is plugged into ( 15.14j) . the function Z^f Dk x nA {-) w ^ n ^ e evaluated in 
the configuration (af^^^A^uv- 

Given D k G V we denote by (/? 7 ) u , resp. (/3 7 )d, the restriction of the configuration /?7 
to the half-space above, resp. below, Dk- We now unfold the partition function Z^ jjp i nA 
in the direction namely, we write 



Z m,{D fe }nA( tt ^UCUX>) 



(5.16) 

where, recall £ = ^a£a c ; we have defined the function <3>£) fc : X^ubuc x — ^ ^ as follows 



Z 



m,{D 



}nA (aC9 7 )«C97)dfo) Z^f Dk}nA (ai 



BUCUV) 



^ } nA(«(^)u(e BUC )de^)^ fe} nA(«(/37)d(e B u C )ue^) 

which can be considered as an effective interaction potential among the a,/3,7-variables 
due to the decimation on 5. To simplify the notation we do not make explicit the para- 
metric dependence of $£) fe on p, A, and m. From the measurability properties of the 
partition function Z^f^ k x nA we get 

$ Dfc (-,0 G J^l ){Dh}n{AuBuC) = F% {Dk} an d $^(^7, ■) e ^ ){Dfc}nAc (5.18) 

for all a G A^'^, /3 G Af B ' p , 7 G and £ G where we recall the definition of 

boundary given in Subsection 12. 1L The bound (15.81) implies that $z? fc , as well as similar 
effective interactions that will be defined later on, is uniformly small. We note, finally, 
that = if {D k } n A = 0. 
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We next split the product of the numerator in (15.161) in the direction namely, we 
write 

= II €lw k] ^WlU^cUv) ^f Dfe+e ( 2 ,) }nA («(/ 3 7)dfeuc)u^) 



By (EH and (jQ5jl we have that 



(5.19) 



= II Z m!{D fe }nA( a ^UCU©)~ 1 

fce£(p) 

x e n p 7cjo < 4Wi,) (i + $D fc («/3 7 ,o) 



x Z SD» l nA("(Wutt 8 uc)d&)^ ) * + , 2rt . na (a(/37)d(f 8 udu&) 



n 



z 



m,C, 



b k nA^ a ^ 9(p) {C k }n(AuB)^.[dM{C k }n(Aul3)\ 



- keCiP) Z m,{D k }nA ( a &UCUv) 

(5.20) 

where we have defined Cfc := {Dfe + e^ , Cfc, Dk} C £^ p \ see Fig. [2]below, and introduced 
the product measure 

v c {lW^l):= J] »c k (lc k \uP,0 (5.21) 

with 

^ fe (7c>/3,6>) := eKp{J^J A ( 7o J0 + W^A(«)97fo)} 

^W7).W&)2 B W * +e(2 , )jnA («(/37)dfeuc)u^) 

^m,5 fc n a ( d(p) {°k MAuB) £p(p) {c fc }n(AJB)]«) 

(5.22) 

To simplify the notation we do not make explicit the parametric dependence of vc k on 
p, A, and m. The definition above is well posed because the right hand side depends 
on the configuration 7 only through its restriction to Cfe. Recalling p > r we have 
that Z^| nA G gr , moreover by using definitions 05.22 p . f )5.9p . ( 15. lip , and the 

properties of measurability of the partition function Z^{D fe }nA we get 

v c k (7cJ-, e -?a(rt { c fc }n(AjB) and v °k (7cJ«/3, •) G J^L^^ (5.23) 
for all a G /3 G 7 G A^f'* 3 , and £ G A^ p . Moreover, we remark that Vc k is a 
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probability measure on 3^ln {c k } srnce the gluing identity 

Z ^d k nA^ a ^9 {p) {C k }n(AuB)^[dM{C k }n(AuB)]-) 



= Yl ™v{ E ZA(lc k \0 + W^. A (a/3j&)} (5.24) 

x Z% k}nA {a{MU^cUv) ^f Dfe+42 , )}nA («(/37)dfeuc) u ^) 

holds. We finally remark that vc k {.lc k \ a fiiiv) = I{ 7C =f c } whenever ^ A. 

By following the procedure of [1] , with the modifications illustrated above, we straight- 
forwardly get ( 15. 71) with 



7W1P /<F\ 7W.P /A 



where F fc := - ei 2p) , B fc , and A k := {A k } U <9^){A fc }, see Fig. U and 
s£a(0:= E II ^ fc («AjO(l + ^D fc («,0)(l + ^ fc («,0)(l + ^ fc («,0) 



X 



E ^ fc (/3Bj«,0(l + $c fc M,0) 



A,m 

X 



E vc k (jc k \a/3,0 (1 + $b>/?7,£)) 



(5.26) 

where the \l/'s and <3?'s are error terms similar to the one explicitly defined in (I5.17p . and 
each v x is a probability measures on for x G ^4 U B U C, similar to the one in 

(15.221) . All these functions can be defined as in p], we do not enter here into these details, 
we just recall their measurability properties. For each a G X^ p , (3 G ', 7 G A^' p , and 
£ G A 7 ' p we have 

e ^ ){Cfc}n( ^ uS) $c fc («/3, •) g ^(p), 2nAc e ^) { B fe} n^ 

$b>, •) G ^ )l2nAC £) e J& ){Dfc}rvt •) G ^ W (5.27) 



{^} (p) ' 2 nAc 
and 

(5.28) 

We also set 



M^\0 ■= II M/^KO and u A (a\0 := J] ^(«a|0 (5.29) 
for all a G Xf, (5 G and f G ^ 



bgb AeA 
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We next rewrite the functions Z®'£ and having in mind that our goal is the 

definition of the family {V^]( p , X CC C^} whose existence has been stated in the 
theorem. We first define the collection of subsets of the lattice 

$■= U {{D k },C k ,F k ,A k } (5.30) 

and for all k G £( 2 ^) we set 

9({D k }) = +1, g(A h ) = +l, g(F k ) = -l, and g(C k ) = -1 (5.31) 
From (I5.25P we then have 

1oS^!a P (0 = Y,9(G) log^ nA (0 (5.32) 

GdQ 

Recalling that we always understand ''f = 1 and that A is a finite subset of the lattice 
£( p \ we have that the sum in (I5.32p has indeed a finite number of terms. We prove, now, 
that 

E^ 2 = E^) E \ m " ( 5 - 33 ) 

ieOfcY Gee ieC>f,(Gnr) 

for all Y C £( p ). Indeed, we first remark that 

E^o E ^ a = E ^ E ^) ( 5 - 34 ) 

Geg ieO|,(Gnv) *eo«y Ge6: OpGai 

The identity (15.331) follows from (15.341) once we prove that Ylc&g- o 1 G^i 9(G) — + 1 f° r 
each i G Pick i G and suppose there exists k' G £( 2p ) such that i G O l p {D k ,}. 
The only G"s of such that OlG 9 i are Ay, A (2 P ), Cy, C. , (2 P ), and {-Dfc'l, see 
Fig. El Then 



L 2 



g(G) = g{A k ,) + g{A kl+e ^)) + <?(CV) + g(C k ,^ P) ) + <7({£> fc ,}) = +1 



G&g-.OiGBi 



where in the last equality we have used (I5.3ip . The other three cases, where i G O p {A k /}, 
% G O p {B k ,}, or i G O p {C k ,} for a suitable fc' G £ (2p) , can be treated similarly. 

We recall that fj, x , for X CC £, is the finite volume (grancanonical) Gibbs measure of 
the original lattice gas, see Subsection 12.51 \ is the infinite volume compressibility defined 
in (12. 8p . and that for i G the function is defined in (12.111) . Then for G G Q we 
define the \0 £ (G fl A)| X \0 £ (G fl A)| covariance matrix 

V g^) j _:=2^°^ ) (M»,Mf) (5.35) 

for z, j G 0p(G D A), with fj the reference in X^> ,p chosen before (15.151) . We understand 

V^'^ is equal to the lxl matrix with its sole element equal to 1. We let, as in Subsec- 
tion [231 Zx(t), with X CC C and r G X, be the (grancanonical) partition function of 
the original lattice gas model, on X with boundary condition r. Then we define the real 



■= Y,9(G)\og [Zo p{G nA) (OtCfyj)/ VdetVggJ (5.36) 
Gee 
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Figure 2: From the left to the right the sets A k , C k , F k , {D k } C & p > are depicted for some 
k G £( 2p \ Solid circles denote the sites belonging to the those subsets; intersections of 
lines represent sites in C^ p \ 



By using ( I5.32p . (I5.33P for Y = A, and (I5.36P we rewrite log Z^'^(^) as follows 



log 



7 (Ap 



(0\/detV 



GnA 



G<=g 



'Op(GnA) 



+ E o m * 



ieO„ (GnA) 



(5.37) 

Consider, now, the function S^p^ defined in (15 .26 ft ; we show that it can be rewritten 
as the partition function of a gas of polymers. We first associate to each error term 
$D fe! ®c k , • • • j ^D k appearing in ( I5.26P a subset of the lattice that will be called bond. 
More precisely, for the <3> error terms we set 



e($ Dk ) := 8^{ D k }U(d^' 2 {D k }nA), e($ c J := {C k }n(AUB), e($ £ 

For the \l/ error terms we set 

e(* J := d^{D k } n A and e(* A J := {A k } 
see Fig. [3j Moreover, in this section we denote by 

S:= |J {e^J.e^jA^J^^J^^J} 



(5.38) 
(5.39) 



(5.40) 



the collection of all the bonds. For each e G £ we denote by G e : Xj^ BuC x — >■ R 
the error term with which the bond e is associated and we call it weight of the bond; for 
instance if e = e($£> fe ) then e = $£> fc . We notice that by expanding the products in 
(15.26P we get also addends with a single error term which must be averaged against the 
measures v's; the bond have been defined so that the infinite volume average in (15.261) can 
be replaced by the average restricted to the bond itself. More precisely, consider the bond 
e G £ and the corresponding error term 9 e , by using (15.181) . ( 15.271) . ( 15.231) . and ( 15.281) we 
have that for each £ G X l,p 



E E E ^(«IO^(/3|«,0^(7|a/3,0©e(«/37,0 

= E E E \{^A{a A \0\{MPB\a^)\{^c{lcW^O^e{a^^) 

(5.41) 



gV M,p figv^' 83 7 cvW-P Aeen.4 

Ut - / A,m,enj( P fc ^A,m,en8 ' t - y A,m,enC 



Geenc 
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Figure 3: From the left to the right the bonds e($ Dfe ), e(& Ck ), e i^B k ), e{^D k ), and e(^A k ) 
are depicted for some k £ £( 2p \ Solid circles denote the sites belonging to the bonds; 
open circles denote the site labelling a bond; intersections of lines represent sites in £( p \ 

Consider, now, a collection {ei, . . . , e^} of pairwise different elements of S, we say 
that such a collection is a polymer if and only if for each £ {1, . . . , k} there exists 
i u ...,i s £ {1, . . . , k} such that e, = e h , e h D e, 2 7^ 0, • ■ ■ , n e ia 7^ 0, e is = e,/. We 
denote by 1Z the collection of all polymers and for each R ETZ we set 

R := [J e C (5.42) 

By expanding the products in (I5.26P and by standard polymerization, for £ £ ^ ,p we 
have that 

3£a p (0 = 1 + £ E n<SS,A(0 (5-43) 

fc>l /.' : Rfcl V: J=l 

where the activity CmRA associated with a polymer i? £ 1Z is given by 

CCa(0:= E E E ^(«IO^(/3|«,0^(7l«/3,On @e ( a ^^ 

Mg£» 7ey£,£ 8 eeR 

= E E E II 

aeyW'f. /3gy W ' p - 7 Gy w ' p - AeflaA 

A,»n,fln.4 A.m.HnB ' A,m,RnC 

BeiinB cemc e ^ R 

(5.44) 

where the last equality holds by the same arguments used to prove (I5.4ip . We remark 
that the sum in (I5.43P is restricted to a finite number of "non-intersecting" polymers, 
indeed the error term e associated to a bond sufficiently far from A is equal to zero. 
This can be easily checked in the case of &D k ' by using definition (15.171) and recalling 
^m(f = 1' we have that {-Dfc} fl A = implies $£> fc =0. By looking at the definitions of 
the error terms G e , those given in [1] and suitably modified as we did in (15.171) . it is easy 
to check that for each e £ 8 

g(p) c A c ^ 6 e = (5.45) 

Finally, we note that the activity Cm if a (0 °f a polymer R £ 1Z is a local function of £, 
indeed by using (1QH|) , and (15T2Tj) we have that 
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Let us consider a collection of polymers {Ri, . . . ,Rk}, we say that it is a cluster of 
polymers if and only if for each G {1, . . . , k] there exists i%, . . . , i s G {1, . . . ,k} such 
that Ri = R h , R h n R l2 ^ 0, ■ ■ • , R ia _ 1 n R is ^ 0, R ls = R v . We denote by K the 
collection of all clusters of polymers and for each R_E]Zwe set 

R := (J R C £ (p) (5.47) 

We finally introduce some combinatorial factors as follows: let F(R±, . . . , Rf.) be the 
collection of connected subgraphs with vertex set {1, . . . , k} of the graph with vertices 
{1, . . . , A;} and edges {i, j} corresponding to pairs Ri, Rj such that Ri fl Rj ^ 0, then 

MRl,---,Rk):=^ £ edges in/ (54g) 

' f&F(R u ...,R k ) 

we set the sum equal to zero if F is empty and one if k = 1. Then, by standard cluster 
expansion, see for instance under suitable small activity conditions that we shall 

specify later on, the polymer gas partition function (I5.43P can be written as follows 

iogsg£(0 = Yl MR)C£ A (0 (5-49) 

ReR 

where for each ReRwe have set 

S m ,R,A -"ll S m ,-R,A fe ^(^u^fp ).2fl)nA c ^O.OUj 
ReR 

As remarked above, see (I5.45p . the activity of polymers containing at least a bond 
e such that C A c is equal to zero, so that only polymers with support close to A 
have non-zero activity. Nevertheless, the sum on the right-hand side of ( I5.49P is infinite 
due to the fact that in a cluster of polymers a given polymer can be repeated arbitrarily 
many times. We next prove that for £ large enough multiple of £q the series is absolutely 
convergent. We shall use the technique developed in j8] to get a uniform estimate of the 
sum of the activity of all the polymers whose support contains a given site x G C^; 
such an estimate will be then used as the input of the abstract theory developed in [23] 
to estimate the sum ( 15.491) which is extended to the clusters of polymers whose support 
intersects A. 

Let e G S, consider the corresponding error term G e . By looking at the definition of 
$ D k given in (I5.17P and at the similar expressions in [I] for the other error terms we have 
that (15. 8p implies 

c 

sup sup sup sup |G e (a/37, £)| < — (5.51) 

ae^ p p&x^ p iex^p £ 

for £ multiple of £q. Consider, now, a polymer and its activity Cm if A defined in (j5.44P ; 
from (I5.5ip we have the bound 

nci^Aiioo^n^^ 1 ( 5 - 52 ) 



36 



where we have set e = e(£) := (C/£) 1 ^ 2k '- ) , with k' = K,'(d) the maximum cardinality of 
the bonds (equal to 13 in dimension two see Fig. [3]), and we are considering I so large 
that e(£) < 1. We remark that for the current purpose it would have been sufficient to 
define e(£) = (C/£) 1//ft ; the extra factor 2 will be used in the proof of item[SJ 

For each polymer R G 1Z we set, now, £r = Cr(^) := [ e C0] and we prove that for I 
large enough 

sup C^)e |5| <l (5.53) 

a;e£(p) 

R&l: R3x 

Indeed, from fl5.38p - fl5.40p we have that there exist a real k" = K"(d) such that |{e G 
£ : e 9 i}| < k" for all x G Moreover by choosing i large enough we have that 

exp{h;"} < [ee(2 — ee)}~ 1 . We can now perform the estimate in [5J Appendix B], by 
replacing there C(-R) with a with ee, and </? e with 1, to obtain 

k" 1 

V Cr e ]k] < een" \l + , ^ ~ -} (5.54) 

^ sti 1 + (ee) 2 e K - 2eee K 



sup 

ReK-.Rlx 



The bound (I5.53P now follows trivially for I large enough. 

We are now ready to apply the abstract theory developed in [21]. Given a polymer 
5* G 71, by using f l5.53p . we have that 

E ^ <EE ^ e '*' ^ $ =► E ¥*CH) J! Cr < |S| (5-55) 



Where the last bound is a direct consequence of the Theorem in [21] whenever we choose 
there a(R) = \R\. The absolute convergence of (15. 49ft for £ large enough follows easily 
from ( I5.55P once we recall that the activity of a cluster of polymer R such that R n A = 
is equal to zero and we note that for i large enough 

\\cS$ A U<{Ir?<Ir (5.56) 
where the first inequality is just a rewriting of ( I5.52p . 

Proof of Theorem \5.1[ RemUi First of all we recall m = O e p n and define the family 
in the following way: for any £ G X^f and X CC we set 



yffifr == E ^) h 7 loolT + E k]+E^)OA(o 

(5.57) 



G£S: p ^ ' * V" ieOUGnA) Ren: 



We prove, now, that for any X CC 



X,A 

Indeed, let X C A c . Since 



IcA c ^ VjPf = (5.5* 



= X c A c GcA c GnA = = GnA 
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we have that the first sum in (I5.57P is zero. Moreover, since R U d^' 2 R = X C A c C A c 
definitions (I5.44p . (I5.50p . and (I5.45P imply that the second sum in (I5.57P is zero as well. 
The expansion (Q finally follows from (15T7) . (1537]) . ( 15^9|) . and (1537]) . 

Suppose, now, that XC\ A = 0, by the same arguments used above we can easily prove 
that 



GGS: 
G (p) =X 



v detvg n l i ■ 

log 7 in ni -\ + o mi 



Hence, V^ A p (-,n) is constant. Finally, we note that if we also have diam p (X) > 5 then 

Vx& p (',n) = since there exists no G G Q such that G P ^ = X. The proof of the item is 
completed by choosing k large enough; in dimension two k > 5 does the job. 

Item [B The statement follows from (j5.57p . the measurability property (15.501) . and the 
following remarks: since p > r, where r is the range of the original lattice gas interaction, 
Z mf (0 e Faie) Y for a11 r c n A] C X whenever G (p) =X;£ A = rj A . 

Item\^ The statement is true by construction. 

Item [7} The statement trivially follows from (I5.57p . (I5.45p . (I5.40p . and (I5.30p by choosing 
k large enough. In dimension two it is enough n > 8. 

Item We first recall that U is the potential of the original lattice gas model, r its 
range (see Subsection 12. 5p . £o, b, and B the strong mixing constants (see Condition 
SM^ s) (£ ,b,B) in Subsection E3J)- Pick x G £ (p) , and let a x > to be chosen later; 
by using (I5.57p . the triangular inequality, and the fact that |g(G)l = 1 f° r a ^ G E Q , we 
have 



£e* T *W sup ||^ P (-,n) 

X 3 x ACC/» 



oo 



< ^ e o«T pW gup gup ^ bg _ V + E 9 



g^=x 



(5.59) 

where T P (X) has been defined in (12. ip . ai is as in the hypothesis of the theorem, and 

A = An4 p) - 

We now bound the first sum in the right-hand side of (I5.59p . By (15.301) we have that 
the terms corresponding to X C such that diam p (X) > k, where k is as in the proof 
of item [TJ are equal to zero. Consider, now, X CC £ (p) such that diam(X) < k; we have 
that 

e a t T p {X) _ ^ ai T p (X) < ( e £)(«+l) d "i 

Moreover, since for each G E Q one has diam p (G) < n — 2, there exists a real C depending 
on £ , b, B, \\U\\q, r, and the dimension of the space d such that 



sup sup > lo S^ in ni -\ + o 



< C 



//id 
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Indeed, the bound is easy for the logarithm of the partition functions, follows from (12.101) 
for the mf/2 contribution, and follows from the strong mixing condition SM(£o, b, B) and 
the result in [TJ Section 4] for the detV^^ terms. We can therefore conclude that the 
first sum in the right-hand side of (I5.59P is bounded by 

\{X CC : X 3 0, diam p (X) < k}\ x (e£) (ft+1)dQl x C'£ d =: C "i^ +1 ^ +d (5.60) 

where denotes the origin of the lattice £ (p) . 

We bound, now, the second sum in the right-hand side of (I5.59p . Recall ( has been 
defined above f!5.53j) and chose £ so large that e(£) < 1. Let X CC £( p \ we claim that 
for each cluster of polymers R such that R U d^' 2 R = X we have that 



n <« = n 



£ \R\ < £ m < e 



r\ ^\X\/5 d < g 



T P (X)/5 d _ e (T p (X)/5 d )log £ 



(5.61) 



where we have used T P (X) = \X\ — 1. We chose ai < 1/(2 • 5 d n'), recall has been 
defined below (I5.52p . By taking I large enough we have 



(5.62) 



ReR 



for any X CC £ (p) and R such that RU d^> 2 R = X. Therefore, recalling fl532|) . the 
second term on the r.h.s of f!5.59j) can be bounded by 



^2 e a eT P (X) 



X3x 



e ri(^) 2 

<E EM£)iIK*< E EM^)in^< E n 



_RS_R: 



K W (rf) 



(5.63) 



where we used (I5.55p . The bound (15. 4 j) follows from ( I5.59p . (I5.60p . and (I5.63P by setting 
:= C" + 

Item [3 Pick A CC I C A, n 6 AfW^ such that Cf\n) D X, and set 



m = m(n) 



O l n\ then A := AdCg D X. Since jp > r, where r is the range of the original lattice gas 



interaction, Z, 



rn,Y VJ ^ J Q{p)y 
(£),p _ W,p 



for all y C then for each G eg such that G (p) = X 



we have G rf. Recall, now, that 77 is the reference configuration picked up in X 

before (I5.15P and that for each £ G we set £ := t/a£a c - Hence, for G G ^ 



= X c A =► ^ = ^ =► Z#£(Q = Z^f (ry) 
By using (15.571) . (I5.64p . and the triangular inequality we have that 



(5.64) 



XA \-, n ) 



< 



El 'OS 



J m,G 



(fj) JdetV, 



G 



GeS: 



Z 0pG (O t O'fj) 



idO%G 



mi 



(5.65) 



+ 



E MR)C£ A ( 

ReR:RUd^> 2 R=X 
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The estimate (I5.63P provides immediately an upper bound to the second term on the 
right-hand side of ( I5.65P vanishing as i — > oo. We consider, now, the first term on the 
right-hand side of (I5.65p : we first notice that ( 15. 2p . (14. 5p . and ( 12.1 ip imply 



J m,G 



(v) 



3 ff G ( CT (e>,o^) G c) 



Hence, we have 



J m,G 



(v) 



rW 



(5.66) 



where we recall the notation for the Gibbs measure associated with the original lattice gas 
potential U, see Subsection 12. 5\ with activity z. Recalling that by hypothesis U satisfies 
the strong mixing condition SM(£ ,b, B), from Lemma [4.21 we have that there exists £' , 
multiple of £ , b', and B' positive reals, such that U satisfies SM(£q, b', B') uniformly w.r.t. 
the activity in a neighbor of z small enough. We can then apply the local central limit 
theorem [H Theorem 4.5] and (I5.66P to write 



log 



J m,G 



(TjWdetV, 



G 



777? 



'°S = ' e °p G » VdetV»''] ±m?| (5.67) 



< 



m, 



bg(l + i£#V))l 



ijeo*G 

where there exist two positive reals 5' and Ci depending on G, \\U\\o, and 5, such that 

Ci 



sup sup 



\Ro pG {m)\< 



£ 6>d 



Moreover, by using the strong mixing condition it is not difficult to show, see results 
in [TJ Subsection 5.2], that there exists a positive real Ci depending on ||E/||o, such that 



< 



Co 



5 l3 - 2n X f(V^% 
By using (15.651) . (I5.67p . ( I5.63p . and the two above estimates we get 

|vf!fMiu 



sup sup sup 

C<f\n)DX 



< sup sup 



ci p \n)DX G (s,) =^ 



2 su p m2 + 

iSOf.G 1 



ill a -a t 



k e 



< 2 ^g |G|V /3-* + ijL) + K 



/// -<*£ 
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By taking the limit l-foowe complete the proof of ( 15. 5p . 

Item\^ Suppose inA = Xf)A', then we have XnA = In A' where A' := k'nCf\n). 
The thesis follows from ( 15.571) and the explicit expression ( 15. 44ft of the activity. The key 
point is that the sums in ( 15. 57ft are extended to subsets of the lattice inside X and to 
cluster of polymers R such that R C X, and the intersection of A and A' with X is the 
same. 

JtemEl It follows directly from (15371) and (pTii|) . □ 



6. Construction of the renormalized potential and convergence 

In this section we construct the renormalized potential and prove the main Theorems 12.11 
andE2 

6.1. Cluster expansion in the bad part of the lattice 

In this subsection we apply the framework in [2] to develop a multi-scale cluster expansion 
for the constrained model in the bad part of the lattice on the basis of the uniformly 
convergent cluster expansion in the good part of the lattice proven in Theorem 15. 11 Recall 
that in Section I4TT1 we have introduced p = d£, with i the renormalization scale and d the 
dimension of the lattice, on which we have defined the notion of goodness. 

We are now ready to evoke Thm. 2.5]. Let M®' p C M (i) ' p be the set of full 
j,M>p_nieasure m Theorem 14.41 For each x G and n G M.w> p we let k x {n) < oo be 
the integer such that item [6] in Definition 13.21 holds true and set 



Q :z 



(l + —\ogA i )] V and r< p >(n) := [T kx{n) + 2# kx{n) ] V q (6.1) 
1 — a \ at J \ 



q \ a e 

where q := 2~ 5 3~ 2 and ai and An are as in Theorem 15.11 



Theorem 6.1. Let the lattice gas potential U satisfy Condition SM(£ ,b, B) . Let V, 7 
be the two moderate steep scales in h4-19\) , and _M^ ,P C Ji4^' p be the set of full v^' p - 
measure in Theorem \4-4\ Then for each £ large enough multiple of £q, eachn G _M^ ,P , and 
each A CC there exist two families of functions A n) : X e,p — > R, X CC C^} 

and {$^f (-,n) : X e ' p -> R, X CC £ (p) } such that 
1. for each £ G X e,p we have the expansion 

1^ 4tr,A(o = < p) - \ E + E [*& p & n) + $?;r(£, n)] (6.2) 



eO|,A xnA^0 



where is as in Theorem \5.1\ 



2. for each X CC £ (p) we /wzve $S(-,fi), $f f (-,n) G J" r 



nA c 



Moreover, for each n G Ai^' p 

3. for each A, A' CC £ (p) , and eac/i X CC £ (p) we /iawe 



lnA = lnA'^ ^i]n-,n) = ^t(-,n) and n) = *<g£( 
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4- Let x £ for any X CC if X 3 x and diam p (X) > ri (n) then for each 



A CC we have V®£ 



0. In particular, for each x £ £^ i/iere exists a 



positive real of (n) < oo such that 



E 

I3x 



sup 



(6.3) 



5. We /iave 



sup 



XBx 



fion dianip (X)/d 



sup 



1$ 



X,A I 



< e 



+ e" 



-qani/d 



X _|_ g-gaf/(2o! 2 ) v d 
1 _ e -g^/(2d 2 ) J 

(6.4) 



Proof of Theorem \6.1\ By Theorem 14.41 for each n £ J\A^' P there exists a gentle disinte- 
gration G(n) of £( p ) with respect to Go{n) := Cg(n), T, and 7. Moreover, Theorem 15.11 
and (I4.19P ensure that for i large enough (2J Condition 2.1] is fulfilled with A and a given 
respectively by Ae and ag/d. Note that the factor 1/d is due to the fact that here we are 
using, as distance on the lattice C^ p \ the supremum of the coordinates, while in [2] we 
used their sum. Moreover, we note that items 1-4 in the hypotheses of [21 Theorem 2.5] 
are satisfied by the scales T, 7 in (14. 191) . 

Items [TJ-[5] are, then, a simple restatement of results in [21 Theorem 2.5] once we define 
the real 



c<r>(n) 



A t + k x (n)(T 



k x (n) 



2 ®Mn)) 2d 



x [p d (log2 + \\U\\ Q ) + k x (n)(l V A e )(8 d + 1)] 
for all n £ M®> p and x £ & p \ 



(6.5) 



□ 



6.2. Locality of the renormalized potential 

To prove the Gibbsianity of the renormalized measure we need to introduce functions of 
the renormalized variable n which will play the role of potentials. In the subsection we 
state and prove a locality property of the finite volume potentials. 

Theorem 6.2. Assume the hypotheses of Theorem \6.1\ are satisfied. Let also X, A CC 
£( p \ n,n' £ M^ ,p such that n x = n' 



X,A I 



n 



X,A \ 



X ■ 



n 



Then 



and $ 



X,A \ 



n 



XA \ 



n 



(6.6) 



The proof of Theorem 16 . 21 needs to some extent the details of the recursive construction 
of ^x'a ano - ^xa provided in [2] to which we refer for more details; we outline here the 
main idea beneath the computation. 

We pick n £ J\A^' p and recall the notion of gentle disintegration given in Definition 13. 2( 



for j > 1 we say G,G' C Q 



n 



are j -connected iff G D G' fl Qj(n) ^ 



A system 

Gi, . . . ,Gk with Gh C G>j(n) is said to be j -connected iff for each h, h' £ {1, . . . , k} there 
exists hi,...,hjti £ {1, . . . , k} such that Gh = Gi n , Gh k , = Gy and G^ is j-connected to 
Gh i+1 for all i = 1, . . . , k' — 1. 

A j-polymer is a collection {{G\, si), • • • ,((?&, S&)}, with C Q>j(n) and > 
integers for /1 = 1, . . . , k, such that the system Gi, . . . , G k is j-connected. We denote by 



1Zj(n) the collection of all the j-polymers. Given a j-polymer R = {(G\, Si) 



(G k ,s k )} 
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and i > j we set R f, := IJ/Ui G h H &(n) C £;(n) and i?f>, := U;'>i-R ti' C G>i{n). We 
also introduce the support of the polymer 

fc 

suppi? := |J n„(Gf h ) C with F s (G ft ) := jx G L : d p (x, Q {p) {G h )) < + s} 

h=l 

(6.7) 

for all non-negative integer s and h = 1, . . . , k, where we have set where G := U 9 gG 9 ^ or 
all G C £7>i(n) and we recall Q^ P '(A) is, for all A CC C^ p \ the smallest parallelepiped 
with faces parallel to the coordinate directions and containing A. Moreover for each s > 0, 
h = 1, . . . , k, we set y s (Gh) '■— Y s {Gh) \ Y s -i(Gh) where we understand F_i(G r ^) = 0. We 
note that the set Y s (Gh) will realize, see fl6.14p . the volume cutoff mentioned at the end 
of Subsection 12.81 

Given two j-polymers R, S G TLj(n) we say they are j -compatible iff R \ j D S \ j — 0. 
Conversely we say that i?, 5 are j -incompatible iff they are not j -compatible. We say 
that a collection R = {R±, . . . , Rk}, where Rh G TZj(n), h = l,...,k, of j-polymers 
forms a cluster of j-polymers iff it is not decomposable into two non empty subsets 
R — Bli U Bl2 sucn that every pair Ri & R v R 2 & R 2 is j-compatible. We denote by 
1Zj (n) the collection of all the clusters of j-polymers. For i > j, R G 7^ - (n) we set 
^ ti := Uijefi-^ ti) E f>i := Ui'>i^ we set suppi? := U Rg ^ supp i?. We note that 
suppi? is a p-connected subset of C^. 

For any A CC C^ p \ G CC £7>i(n), and s > we define the two collection of subsets 
of the lattice 

T A := {Y CC C&> : F n A ^ and Y fl (A (p),K ) c = 0} , g g 

T A (G,s)(n) := {FGT AnGo(n) : e(^)H = G, FCF S (G), Fny s (G)^0} 

where for each F C we have set 

£(Y)(n) := {g G ^(n) : g n F ^ 0} C £> x (n) (6.9) 

and «; has been introduced in Theorem I5.ll Recalling Theorem I5.ll for i > 1, g G Gi(n), 
G CC G>i(n) such that Gflft(n) 7^ 0, and s > 0, we define the 0-order effective potential 



*(*.«) r ^ — ir i/W'P/' ^ 1 j 



'y,A v^J 



yeT A (G, S )(n) 



We next define by recursion on j the j-order effective potentials: as recursive hypothe- 
ses we assume that there exist the families 

{^{ ! (.,u):^4l,AccL} and n) : X e * -> R, A CC L} 

for any = 0, ... , j — 1, any z > k + 1, any g G Gi{n), any G CC (?>j(n), such that 
Gnft(n) 7^ 0, and any s > 0. We integrate on the scale j and define the j-order effective 
potentials and $ g '^a for i > j + 1, any g G Gi(n), any G CC G>i(n) : such that 

G n Gi(n) ^ 0, and s > 6.' 
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Given g G Gj(n), G CC G>j{n) such that G H Gj(n) 7^ 0, and s > we sum all 
the lower order contributions, obtained by performing the fc-order cluster expansion with 
k — 1, • • • , j — 1, to the effective potentials associated with such vertex namely, we define 

: = E*2a°(->") and <0-.*) :=EO-.") ( 6 - n ) 

fc=0 fc=o 

For each vertex g G and block spin configuration £ G we define the partition 

function 

';,:.;((.»): E ex p{ E ^c&o (6.12) 

oi,n,g ynAcsnA 

where ?7y P are the original lattice gas potentials rewritten, see the discussion before 
Theorem 15.11 for the block spin variable in X^> £ ' p = X £ > p , and the probability measure 

^^:=^f^exp{ U^) + ^M 9 .n)} (6.13) 

ynAcsnA 

for any C G X { 3 P . 

We consider, now, a bond G CC G>j+i{n), such that G D Gj(n) 7^ 0, and s > 0; our 
aim is the definition of the j-order effective potential associated to such a bond and due 
to the integration over the j-gentle sites. We set 

n (G,s)(n) := {R <EKj{n) : R\> j+ i = G, suppRcY s (G), supptf n y s (G) ^ 0} 

(6.14) 

We define, now, the activity of a cluster of polymers R G TZj(G, s)(n), whose set of vertices 
of gentleness order greater or equal to j + 1 is given exactly by G, by setting 

(R,A(;n)--= HCrA-^) (6.15) 

R&R 

where for £ G X ,p we have set 

k 

C*A(£,n):= E n^^nlexpi^^Ce^c)}-!] (6.16) 

foraJli2 = {(Gi,ai),...(Gfc,s fc )}e ; R. 

We are now ready to define the j-order effective potentials. Let i > j + 1, g G Gi{n), 
G CC (?>i(n) such that C7 D 7^ and s > 0, then we set 

: = E WrCa)CaA(-n) 

Ses,-to,o)(n) , g 1? s 

$gJ!a(->™) : = l{(|G| jS )^(i,o)} E V^r(5) Cr,a(-,w) 

5eS,-(G,s)(n) 

44 



In [2j Section 4] it is proven that the j-order effective potentials depend only on those 
block spins associated to sites of order greater than j lying inside the vertices which label 
the function; more precisely 

»^(-.»)e^x*x, »*> C!a(v») € ^ (G)nAt)uS (6.18) 

where we recall G := [J g( z G g- 

We can finally define the functions ^ xa an< ^ ®x?A whose existence has been stated 
in Theorem 16.11 More precisely for each X, A CC C^ p ' and n G Ai^ ,p we define 



3,AV , 
J>1 geGjiXKn) 

®X,a(-' n ) = I{diam p (X)> e ,XnA^0,?(X)(n)=0} V^f (■ , Tl) + ^ ^ <£> T (#) Cr,a(", 7l) 

i>l R€Rj(X){n) 

(6.19) 

where we have introduced the two sets 

G 3 {X){n) := {g G Qj{n) : = X} 

7^.(X) (n) := {R g 7^(n) : R\> J+1 = 0, suppE = X) ^ 6 - 20 ^ 

We remark that the sums over j in ( 16.19!) are extended to a finite number of terms, 
indeed for j such that $j > diam p (X) the sets Qj(X)(n) and TZj(X)(n) are empty for all 
n G At^'P. For each X CC and j > 1 we finally set 

^(X)(n) := {<? G : C X} (6.21) 

aodfe(X)(n) :=U>iOTW- 

Lemma 6.3. Let X, A CC £ (p) ; n, n' G .M^' p suc/i i/iai n x = n' x , then 

1. for each j > 1 we have Qj(X)(n) = Qj(X)(n') and Q>j{X){n) = G>j{X)(n'); 

2. for each j > 1 we have Gj(X)(n) = Gj{X){n') and TZ^X) (n) = Kj(X) (n'); 

3. we have T A (G,s)(n) = T A (G,s)(n') /or any G C £>i(X)(n) = <7>ip0(n') and 
s > such that Y S (G) C X; 

4- for each j > 1 we have that T^JG, s)(n) = T^JG, s)(n') for any G C G>j+i(X)(n) = 
G> j+ i(X)(n') ands>0 such that Y S (G) C X; 

5. for each j > 0, % > j + 1, g G ft (X) (n) = ft (X) (n') ; we nave n) = 

6\ /or eacn j > ; % > j + 1, Cr C £>j (X) (n) = G>% (X) (n') and s > swc/i t/iat 
G n ft(X)(n) = Gfl ft(X)(n') ^ and F S (G) C X, we have $^ A (-,n) = 

7. /or eacn j > I, g G £j(X)(n) = ^(X)(n'), we nave ^ A (-,n) = Z fl a A (-,n'); 
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8. for each j > 1, Re 7?y(X)(n) = TZj{X){n') , we have C_R,A('; n ) = Cr,a(" ; ^O- 

Proof of Lemma Iff. 31 We first prove items HHH separately, then [5] and [6] by induction. 
Items [7] and [8] will be a byproduct of the proof of [5] and EJ 

Item [3 Let g G Gj(X)(n); since X D Y (g) D B { J^(g), item |2] in Theorem S31 and 

= imply (7 G Qj(n'). Now, g G ^j(X)(n') follows from g G Gj{n') and the 
geometrical property Y (g) C X. Hence £?j(X)(n) C Gj(X)(n') and, by interchanging the 
role of n and n', we get the equality. The second equality follows immediately from the 
first one. 

Item [B The proof of the first equality is similar to the proof of item [TJ Proof of the 
second equality. Let R G TZj(X)(n) and G = {g±, . . . , gk} '■= R \ j be the collection of all 
the vertices the cluster of polymers R is built of. By definition G Gj{n) for any h = 
1, . . . , k. The definition of support of a polymer and supp i? = X imply that Y (gh) C X 
for any h = 1, . . . , k. Hence, rix = n' x and item [2] in Theorem 14.41 imply G Gj{n') for 
any h = 1, . . . , k, which yields R G K j (X)(n r ). Hence 7^.(X)(n) C Kj(X)(ri) and, by 
interchanging the role of n and n', we get the equality. 

Ifeml Recall (EHD, let F G T A (G, s)(n). Then we have 

Y C F S (G) and Y n ^ 

Moreover, X D F S (G) D F, n x = n^, and F G T An/ .( P)(n) imply F G T An£ ( p)(n/) . 

Finally, £(F)(n) = G and ny = n' y imply £(F)(n') = G. All the properties ensuring 
F G T(G, s)(n') have been verified, hence we have T(G,s)(n) C T(G, s)(n') and, by 
interchanging the role of n and n', we get the equality. 

Item\4\ Let R G Tlj(G,s)(n), F = {fi, ■ ■ ■ , fk} '■= R \ >j the collection of all the 
vertices the cluster of polymers R is built of (note G C F) and I = {ii,...,i k } the 
collection of integral numbers such that fh G Gi h {n) for any h = 1, . . . , k namely, ih is the 
grade of fh- Remark that for each h = 1, . . . , k either i h = j or f h G G. We next prove 
that fh G Gi h (X)(n), for h = 1, . . . , k, by showing that Y Q (fh) C X. Indeed, in the case 
fh G G, we have that G C £/>j + i(X)(ri) implies F (// l ) C X; on the other hand, if ih = j, 
then, recall the definition (\6.7\i of support of a polymer, X D F S (G) D suppi? D F (/^). 
Now, from item [1] we get G G% h {X) (n') for any h = 1, . . . , k, which implies R G TZj(n')- 
We remark, finally, that R G 'ElAG, s)(n) ==>■ R \ > J+ i = G, suppi? C Y S (G) and 
suppi? n y s (G) ^ 0. Hence, E G ^(G, s)(n'). We then have K^G, s){n) C K^G, s)(ri) 
and, by interchanging the role of n and n', we get the equality. 

Items 0-0 We proceed by induction on j. Let j = 0. For each z > 1 and g G 
ftPO(n) = ftPO(n'), by using @3D}, item El F G T A (g,0)(n) = T A (g,0)(n'), and 
item [8] in Theorem 15.11 we have that ("j 71 ) = a ("> n 0- The statement in item [6] 
for j = is proven similarly. 

Now, we fix the integer j and suppose that the statements in items and El are verified 
for all k = 0, . . . ,j — 1, i > k + 1. From the inductive hypotheses and (16.111) we have that 
the equality 

= (6.22) 
holds for all g G C?j(X)(n) = £/j(X)(n'). Hence, recalling (16.121) and (16 . 1 3j) . we have 

«) = «0 and ^ = (6-23) 
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for any g E Qj{X){n) = Gj(X){ri) and £ E X l >* '. 

Analogously, from the inductive hypotheses and (16.111) we have 

for any G C Q>j(X)(n) = G>j(X)(ri) and s > such that Gng,-(X)(n) = Gn^(X)(n') ^ 
and Y a (G) C X. 

Consider, now, i > j + 1 and G C £?>j (X) (n) = (?>j (X) (n'), such that Gfl^ (X) (n) = 
GDQi (X)Jn') ^ 0, and s > such that Y S (G) C X. Since G C Q>i (X) (n) = (X) (n') 
then # E g>i(X){n) = G>i(X){n') for all g E G. Let R E TZ^G, s)(n) = K^G, s)\ri), for 
all ^ E R\ j we have that lo(sO c supp i? C X i.e., g E Qj(X)(n) = Qj{X){n'). Consider, 
now, R = {(G\, si), . . . , (Gh, Sh)} E R, from definition ( 16. 14ft we have that GiC\Qj(X)(n) = 
d n Qj(X)(n') ^ and C supp^R C Y S (G) C X for alU = 1, . . . , h. Moreover, 

recalling that for all I — 1, . . . , h each g E Gi is either an element of R \ j or an element 
of G, we have that Y (g) C X and, hence, Gi C Q>j(X)(n) = Q>j(X){n'). Then by using 
(I6T23|) . (l6T24j) . ( 16715]) . and (IBTToD we have that 

Cfl,A(-,n) = C i j,A(-,^) (6.25) 

The inductive proof is completed easily by using (16.171) . (16.141) . item H] above and 
(I6T25D . □ 

Proof of Theorem \ 6. 2 . We focus on the first of the two identities ( 16. 6p . the proof of the 
second can be achieved analogously. We recall (I6.19P and notice that nx = n' x implies 

l{diam p (X)< £1 ,XnA^0,C(X)(n)=0} = !{diam p (X)<e,XnA^0,£(X)(n')=0} 

Then from item [8] in Theorem 15.11 we get 



I{diam p (X)< e ,XnA^0,5(X)(n)=0}V^j( P (-,n) 



^{dmm p (x)< e ,xnA^U(x)(n')=^}Vx^f(-,n') 



(6.26) 



The first of the identities (I6.6P finally follows from definition (I6.19p . the equality (I6.26p . 
and items |2] and [7] of Lemma 16.31 □ 

6.3. Proof of Gibbsianity and convergence 

We notice that for X CC and n E Ai^^ item [2] of Theorem 16.11 implies that 
^xxi'i n ) an d ^xxi'i 71 ) are constant functions namely, they do not depend on the first 



argument. In the sequel we shall write ^ ( xx( n ) an< ^ ^xx( n ) respectively for ^xx' 



n 



and ^(;n) 



We suppose, now, that the hypotheses of Theorem 16. II are satisfied, we pick n E n x (0) 
once for all, recall the map n has been defined in (I4.1ip . and for each X CC C™ 3 ' we define 
the functions # P : M (e) ' p R and : M {e) ' p ->las follows 

:= *g(n x nxc) and <j>f p {n) := $$$(n x n x °) (6.27) 

We note that, by definition, the functions ip^x' P anc ^ ^x' P are local that is ^ x ' p 4 > x' P ^ 
B^x' P ] where we recall the a-algebra B^ ,p has been introduced at the beginning of Sub- 
section 14.31 
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Let IA CC £ (p) such that A D X and n E A4 W ' P . The functions ^ 



and $^°(-,?7,) are constant namely, n), $^*(-, n) G ^-"g' P , and moreover from 

Theorem 16.21 and item [3] in Theorem 16.11 we get 

n) and $ff (-, n) = 0? ,p (n) (6.28) 

Proof of Theorem \2.1\ To get the renormalized potentials of Theorem 12. II we next pull the 
^W,p an d $W.p back to the scale We define the family {il)f\(j)f : -M w -> K, / CC 
as follows: for each m G M''' we set 

r -mf/2 if J = {i} with z e £0 

^f(m) := \ ^f' p (O p m) if |/| > 2 and 3X C £^ : O p X = I (6.29) 
I otherwise 

note that by construction, see (I6.19P and (16.271) . if \X\ < 1 then ip^x^ — 0, and 

#M := ( if 3X C : = 1 (6.30) 

r/ v ' \ otherwise v ; 

Equivalently, for all / CC such that |/| > 2, we can write 

^f= *pf ,P °O p and 0f= <Px' Po °f ( 6 - 31 ) 

o l p x=i oj,x=i 

we note, indeed, that for each I CC there exists at most one X C such that 

ItemUl Since for each X CC we have ip^^i yx'** ^ &x' P i the thesis follows from 
definition flOTT) and (TO) . 

&ml We note that if we let X C C ip) and / := O p X C £ w , we have that / is 
^-connected if and only if X is jp-connected. Then the thesis follows immediately from 
definitions (IQTj) . flBTQl . flOO]) . and item [3] in Theorem O 

itemd Since the original lattice gas potential and the algorithmic construction of the 
gentle atoms in Section [3] are translationally invariant, the statement follows. 

Item\]\ Let M {e) ' p C M {i) ' p as in Theorem|421 We set : = O p M {e) ' p , with O e p the 
unpacking operator. Recalling the definition of v^ ,p given at the end of Subsection 14.11 
we have 

1 = vM'p^M®*) = v^(O t p M w ' p ) = v {l \M {i) ) (6.32) 

We recall (I6.29p . (I6.27p . and that n has been picked up above; for m E J\/[W and 
I CC C® such that |/| > 2, we have that if there exists X CC such that O e p X = I 

we have 

^f\m) = ^' P (Ofm) = ¥£]' p ((Ofm) x n X c) = *$${Ofm) (6.33) 

where the last equality follows from Theorem 16.21 

Recall dSHD, pick m E M {e) and i E £ w , set rf\m) := 2dr ip X{0%rn), where x(i) E 
is such that {x(i)} = O p {%\. Consider / CC C^> such that I 3 i and diam^J) > 
rf\m); from definition (16. lft and diam^/) > rf\m) > d we have that |/| > 2. If it 
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does not exists any X CC C^ ,p such that O l p X = I we have ipf\m) 
other hand if there exists X CC C^' p such that O l p X = I, from (16. 331) we have that 
ijjf\m) = 0. Indeed item H] of Theorem 16.11 implies that ^^^(C^m) = once we note 
that Ofm E M^ p , X 3 x(i), and 

diam p (X) > ^diam £ (/) > ^rf{m) = r { x %(Ofm) 

Consider, now, m E A4™\ i E £™\ and x(i) as above. By using (I6.29p . (I6.33p . and 
item [3] in Theorem 16.11 we then have that 



0. On the 



m) 



-m- 



E W 



/9i 



|I|>2, 73i 



J3i(i) 



The statement (I2.12p follows from item [4] in Theorem 16.11 by setting 



c?(m) := ~-mj + c™(Ofm) 



(p) //nP„ 



for all m G 

Item O By recalling definition (I6.29P and by using the Minkowski inequality we have 
that 



sup 



V 



(0 



5>r 



(0 



I3i 



sup 



< — r + sup 

2 X iecM 



V 



-m- 



9M 1 /? 



AO 



(IE Of'} 



I3i: 
|I|>2 



E « 

|/|>2 



1/9 



(6.34) 

with x the infinite volume compressibility defined in (12. 8ft . 

To bound the second term of the right-hand side of the above inequality we use ( 16. 29ft . 
( [OlD , (16T33|) . (EH, and the Minkowski inequality. We have 



sup 



< 



5>f 

|/|>2 



(0 



< sup |^(|E[^^ 



1/9 



sup 

:G£(p) k L JMW 



V 



(i), 



(dm)( ^2 ^{dmm p {x)< e ,ax)(ofm)=®}\\Vx^x(-i ®e m )\\°° 



1/9 



X3i 



+ 



M(0 



w EE E 



logZ 



X3x j>i a eg 3 (x)(ofm) 



1/9 



By using (15. 4p and the Minkowski inequality we have 



(6.35) 



sup V 



(0 



(IE^'1 



9\ 1/9 



< A/ 



I3i: 
\I\>2 



+ sup 



i>i 



,0/ 



( rfm )(E E l|log^(-,Ofm) 



1/9 



(6.36) 
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To bound the second term on the right-hand side of (I6.36P we recall ( 16.201) and note 
that the sum over g G Qj{X){Ofm) is zero if there exists no g G Qj(Ofm) such that 
Yo(g) 3 x. Hence this term is estimated from above by 



1/9 



SUP Yl \ U ( dm ) 1 {^G 3 (Ofm):Y (g)Bx}(Yl W l °& Z g,x(^ °f m )\l 

(6.37) 

Let j > 1, definition (16. 7p and the bound on the diameter of a j-gentle atom, see 
item H] in Definition I3.2[ imply that for all m G MS^ and g G Qj(Ofm) we have that 
diam p Y (g) < Tj+2t}j. The sum over X in ( I6.37P is then extended only to parallelepipedal 
subsets of the lattice whose diameter is smaller than Tj + 2^-; this implies that 
this sum has at most (Tj + 2dj) 2d terms. Moreover given X, there exists at most one 
g G Gj(Ofm) such that Yo(g) = X. These remarks and the inequality in item 3 of 
Theorem 3.2 of [2] imply the expression in (I6.37P is bounded from above by 



c x i d sup G Qj(Ofm) : Y (g) 3 x})] 1/q (6.38) 



with ci a suitable real depending on the norm \\U\\q of the interaction. By the same 
estimate as in (I3.16p . we have 

Cl £ d sup ^tff [^({B^G^OJW) : nffllBx})] 1 ''^/^^^!"^ 1 /' 

(6.39) 

where e and a^(£) are as in (14.20)) and ( I4.2ip . and c 2 is a positive real depending on \\U\\q. 
The thesis now follows from ( I6.34p - (l6.39p and item [5] in Definition 13.11 

Item We recall that p = d£, a\ > has been chosen below ( 15.61ft . at have been 
introduced in item [5] of Theorem 15. 1[ and q has been defined below (16. If) . We set a' := 
qa\/(2d 2 ) and recall definitions ( I6.3ip and (16. 2 7ft . We have 

sup sup ^e Q ' diam ^%f (m)| 

< SUp SUp ^ e ^diam,(/)/(2d 2 )|^)^ m )| 

< sup sup ^ e ^diam,(/)/(2d 2 ) \^f{(Ofm) x n X c)\ 
meMWiecW I3i xcc(p) . ( 6 .40) 

o*x=i 

< sup sup ^ e qaediam ^ x)/d \<$> i x ) %((Ofm) x n x .)\ 

+ Vl -e-^/(2rf 2 )7 

where we have used (16 ,4p and diam^(0pX)/<i < 2diam p (X) for any X C 

Item\^ We follow an argument analogous to that in [TJ Section 5.3]. Let m' G .M^ 
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and J CC we define the following probability kernel on C 



(C) 



exp | ^ [ipf\mm' JC ) + (f)f '(mm' JC )] 



qj(m ,m) := -. r- (o.41) 

Y exp { Y \ri (mm'jc) + (j)} e \mm'jc)]j 



where the functions ipf^ and 4>f^ have been defined in ( 16.29P and ( 16.30[) . Note that, given 
m G M.ji we have qj(-, m) G Bj). 

Pick J CC C®, / G B { j\ recall AfW has been defined in (fXTTjl . by definition of the 
renormalized measure z/^ and by standard measure theory we have fx(f(M^)) = u^\f) 
and 

/ u {e \dm') V qj(m',m)f(m) = [ fi(dr]) Y] qj(M {e \r]),m) f(m) (6.42) 



The equations 1 12. 15D will thus follow from 

Kf(M®)) = J n{drf) Y qj(M^( V ),m)f(m) (6.43) 

For X C let us introduce the family of cr-algebras '■= ^i^i^i') > * £ -X"} C 
J-e^x on the configuration space X. Now, pick A CC D- p > so that V := O l p K D J. For 
77 G Af, we set 

G v (M^ J (7 7 ), 7 7o ,vc):= / /(/(MW)|4^ J ®J- ^c)(^) (6.44) 
We shall prove that, /i-a.s., 

lim G v (i;; j (,) 1 t )0( ,c)= V qj{M^{ V ),m)f{m) (6.45) 

meMy 

Therefore, by dominated convergence, we have 
Kf(M^)) = Mf(M^l®T 0eVC )) V ^ fj,(drj) J2 qj(M^( V ),m)f(m) 

(6.46) 



X m&M ( P 



so that flST43]) holds. 

We finally prove 1 16. 45ft in the set of full measure (M^) -1 (A1^). By the Gibbs 
property of the original measure fi, for r\ G Af, such that M^\rj) G JVl^\ and m' G .Mjc, 
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such that m'jc = (M^(?7)) JC , we have that 

G v (m> vv , VOe vc) = ^.(/(^'iWy = m' v \j) 



E p H 0l ,v{<?riO e Vc) If 



E /h E w*>^ E /h^.v(^) 



(6.47) 

see Recall V = O l p k and set f = Of £ r/, we have ^^(Cfy) = ^2j A (£) for all 

m G M®. By using the expansion (16.21) . this is allowed because mm' G M.^\ we thus 
get 

G v(m' v \jiVo e vc) 

f(m) e^ P) "5 Ei 6 v(™™') 2 +ExnA^0 [^f^Of( mm ')) + ^f(^Of(rnrn'))] 
e ^i P) -I E l6 y(™™') 2 +ExnA # [^ A p (C > 0| , (mm'))+^f«,Or(mm'))J 

mex^ (6.48) 

J- -\^J m *+^Xnofj^ [*^«,0?(mm'))+*^(«,0| ) (mm'))J 
meM ( P 

where in the second step we have used Theorem 16.21 to simplify the terms of the potential 
not intersecting Of J. By items H] and in Theorem 16.11 and by (I6.28P we get 

hm GvKy,^)^ r r- 

meM^ 

(6.49) 

By using definitions (I6.29P and (I6.30|) the above expansion reduces to the renormalization 
scale i. We thus get ( |6\45l) . □ 

Proof of Theorem \2.S[ ItemUl Consider (I6.35P and recall (16.91) ; the first term on the right- 
hand side of (I6.35P tends to zero in the limit i — > oo by virtue of item [6] of Theorem 15.11 
The second term is estimated from above by the convergent series in (I6.39P ; it is not 
difficult to prove that its sum tends to zero in the limit I — > oo as a consequence of 
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Item\^ The statement is a straightforward consequence of (I6.40p and of the expression 
of a#. □ 
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